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Oltre le Teorie Standard delle Interazioni Fondamentali.
Lo status quo della fisica fondamentale è il Modello Standard (SM) e la
Relatività Generale (GR). Mentre entrambe le teorie sono in grado di descrivere separatamente una vasta gamma di fenomeni nel loro rispettivo
dominio di validità con elevata precisione, ci sono problemi che sorgono
solo quando le due sono accoppiate. Come esempio, si consideri il problema della costante cosmologica, la bariogenesi o l’assenza di un candidato
di materia oscura (DM) nello SM. In questa tesi vengono presentate e discusse diverse soluzioni. Una è la teoria di Bimetric Gravity, un’estensione
naturale della gravità massiva, una modificazione della GR che modifica
l’ipotesi di un gravitone di spin-2 senza massa. Saranno presentati risultati
sulla fenomenologia del gravitone massivo, dove analizziamo la propagazione
modificata delle onde gravitazionali e stabiliamo dei limiti competitivi sulla
massa del gravitone. Inoltre, viene studiata la storia cosmologica di Bimetric Gravity, incorporando dati delle oscillazioni acustiche barioniche (BAO),
dei quasar, delle supernovae e della radiazione cosmica di fondo. Come teoria concorrente, esaminiamo la Gravità Conforme, che viene sottoposta agli
stessi test cosmologici. Un approccio ortogonale alla soluzione del problema della DM è un Settore Oscuro oltre lo SM. Motiviamo e presentiamo un’analisi dettagliata della fisica dei Settori Oscuri, che obbediscono
ad un’invarianza approssimativa di scala. Utilizzando tecniche di teoria di
campo efficace e proprietà degli operatori fissate dalla simmetria conforme,
siamo in grado di porre dei limiti indipendenti dal modello su una classe
di Settori Oscuri. La loro fenomenologia è testata con una vasta gamma di
osservazioni terrestri e celesti.

Beyond the Standard Theories of Fundamental Interactions.
The status quo of fundamental physics is the Standard Model (SM) of particle physics and General Relativity (GR). While both theories separately
are able to describe a wide range of phenomena in their respective domain
to high accuracy, there are problems which arise solely when the two are
coupled. Examples include the cosmological constant problem, baryogenesis or the absence of a suitable dark matter (DM) candidate in the SM.
In this thesis, several solutions are presented and discussed. One is Bimetric Gravity, a modification of GR which breaks the assumption that one
single, massless spin-2 object acts as its force carrier. Original results are
presented on the phenomenology of the massive graviton, where we analyse
the modified propagation of gravitational waves and set competitive bounds
on the graviton mass. Furthermore, the cosmological history of the model is
investigated, incorporating data from baryon acoustic oscillations, quasars,
supernovae and the cosmic microwave background. As a competing theory,
we review Conformal Gravity, which is put to the same cosmological tests.
A complementary approach to the solution of the DM problem is a Dark
Sector beyond the SM. We motivate and present a detailed analysis of the
physics of Dark Sectors, which obey an approximate scale invariance. Using
effective field theory techniques and properties of operators fixed by conformal symmetry, we are able to put model-independent bounds on a class
of Dark Sectors. Their phenomenology is tested against a large array of
terrestrial and celestial observations.
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AdS anti-de Sitter (space)
ALP axion-like particle
BAO baryon acoustic oscillations
BBH binary black hole
BBN big bang nucleosynthesis
BSM beyond Standard Model
CC cosmological constant
CFT conformal field theory
CG conformal gravity
CKM Cabibbo-Kobayashi-Maskawa
CMB cosmic microwave background
DE dark energy
DIS deep inelastic scattering
DM dark matter
d.o.f. degrees of freedom
dS de Sitter (space)
DS dark sector
EDM electric dipole moment
EFT effective field theory
EMT energy-momentum/stress-energy tensor
e.o.m. equations of motion
EW electroweak
EWPT electroweak precision tests
FLRW Friedmann-Lemaître-Robertson-Walker
GR general relativity
GW gravitational wave

8
IR infrared
ΛCDM cosmological concordance model
LDSP lightest dark sector particle
LEP Large Electron-Positron Collider
LHC Large Hadron Collider
LHS left-hand side
PDF parton distribution function
QCD quantum chromodynamics
QED quantum electrodynamics
QFT quantum field theory
RHS right-hand side
RS Randall-Sundrum
SM Standard Model of particle physics
SN supernova
s.t. such that
UV ultraviolet
vev vacuum expectation value
WIMP weakly interacting massive particle
w.r.t. with respect to
YM Yang-Mills

Contents
11

1 Introduction

15
Charted Territory: ΛCDM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
Towards a theory of Massive Gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
Phenomenology of Bimetric Gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

2 Going Beyond: General Relativity
2.1
2.2
2.3

3 Gravitational wave oscillations in Bigravity
3.1
3.2
3.3
3.4

Synopsis . . . . . .
Introduction . . . .
Gravitational Wave
Conclusions . . . .

. . . . . . .
. . . . . . .
Oscillations
. . . . . . .

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

4 Decoherence of Gravitational Wave Oscillations in Bigravity
4.1
4.2
4.3
4.4
4.5

Synopsis . . . . . . . . . . . . . . .
Introduction . . . . . . . . . . . . .
Decoherence of Gravitational waves
Phenomenology and results . . . .
Conclusions . . . . . . . . . . . . .

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

5 Probing Alternative Cosmologies Through the Inverse Distance Ladder
5.1
5.2
5.3
5.4
5.5
5.6

Synopsis . . . . . . . . . . . . .
Introduction . . . . . . . . . . .
Cosmological models . . . . . .
Data sets and analysis methods
Cosmological fits . . . . . . . .
Conclusions and outlook . . . .

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.

39
39
39
40
46

.
.
.
.
.

47
47
47
47
48
52

.
.
.
.
.
.

53
53
53
57
66
72
83

85
DM from known Physics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
Particle DM beyond the SM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

6 Going Beyond: The Standard Model
6.1
6.2

7 Searching for Elusive Dark Sectors with Terrestrial and Celestial
Observations
7.1
7.2
7.3
7.4
7.5
7.6

Synopsis . . . . . . . . . . . . . . . .
Introduction and Motivations . . . .
Examples of Elusive Dark Sectors . .
Strategy . . . . . . . . . . . . . . . .
Terrestrial and Astrophysical Bounds
Summary and Discussion . . . . . . .

8 Conclusions

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

89
89
89
93
97
105
125
129

10

Contents

A Method of statistical analysis

131

B Two-point dark sector correlators

133

C Details of 5D Randall-Sundrum Dark Sector

137

D Probabilities for displaced decays

139

Bibliography

141

Habe nun, ach! Philosophie,
Juristerey und Medicin,
Und leider auch Theologie!
Durchaus studirt, mit heißem Bemühn.
Da steh’ ich nun, ich armer Thor!
Und bin so klug als wie zuvor;
[...]
Daß ich erkenne, was die Welt
Im Innersten zusammenhält,
Johann Wolfgang von Goethe
Faust – Der Tragödie erster Theil.
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Introduction

Fundamental physics is at a crossroads. The past century has brought immense success to the
research fields of the smallest constituents of nature – particle physics – and the large scale structure
of the universe – cosmology. With the advent of quantum theory and its field-theoretic extension,
quantum field theory (QFT), researchers have been able to explain phenomena down to the smallest
scales which can currently be probed. The interplay of theoretical and experimental observations
has lead to prosperous decades of innovation, where advances in theoretical understanding have
motivated experimental searches and vice versa. Major developments in the past century include
the derivation of the Dirac equation in 1928 [5], swiftly followed by the detection of antiparticles
(positron detection by Carl D. Anderson, 1932 [6]) and muons in 1936 [7]. While development of
a consistent interpretation of quantum field theory was underway during the 1930s and 40s, this
process was greatly stimulated by the measurement of the Lamb shift in 1947 by Lamb and Retherford [8]. The observation of physical effects at the loop level absolved the renormalisation program,
and led to the formulation of quantum electrodynamics (QED). Armed with a comprehensive understanding of fundamental interactions between leptons and photons, the focus of the research
community shifted towards the question whether quantum field theory could be able to reproduce
its success by also modelling subatomic forces. With scattering experiments probing nuclei at energies of order 1 GeV/c2 , the ‘particle zoo’ of hadrons was uncovered. Simultaneously proposed
by Gell-Mann and Ne’eman [9, 10], the eightfold way sought to organise the numerous mesons
and baryons into group representations; this idea proved to be fundamental in the subsequent construction of the quark model. Through deep inelastic electron-proton scattering, experimentalists
were able to confirm the quark hypothesis, and quantum chromodynamics (QCD) was developed
as the quantum field theory of strong interactions. In the same period, the model of electroweak
symmetry and spontaneous symmetry breaking was developed. With the discovery of the vector
bosons, completion of the third fermion family, and finally the discovery of the Higgs boson in 2012,
all efforts have culminated into the Standard Model (SM) of particle physics, currently our best
understanding of the fundamental interactions of particles and forces, barring gravity.
In the meantime, and for the most parts separately, research in physical cosmology has matured
the field from a driving force behind theoretical developments to a precision discipline itself. Milestones include the formulation of general relativity (GR) in 1915 [11–13], important solutions to
the field equations such as the Schwarzschild and Friedmann-Lemaître-Robertson-Walker metrics,
or the mounting evidence in support of dark matter (DM). A thorough narration of the history of
theoretical cosmology will be given in Chapter 2, however suffice to say that observational evidence
has enabled us to establish a cosmological standard model in parallelism to the SM of particle
physics – the cosmological concordance or ΛCDM model.
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25% Dark matter

70% Dark energy
5% Baryonic matter

Figure 1.1: Energy content of the universe today according to ΛCDM.

Within the last decades, the array of precision instruments to quantify the cosmological evolution
has grown, such that exclusions can be placed on alternative cosmological models. For an example,
take the cosmic microwave background (CMB), which after its accidental discovery by Penzias and
Wilson in 1965 [14] has grown to a precision measurement under investigation through a variety of
experimental techniques. In the same manner, Supernova observations up to high redshifts lead to
the discovery of the late-time acceleration of the universe. Finally, with the recent measurement of
gravitational waves, approximately a century after their conceptualisation, we have truly entered
the age of multi-messenger, precision cosmology.
Returning to the opening statement, we note that fundamental physics has reached a critical
point in its development. While our instruments – theoretical and observational – have become
ever precise, the two sectors, SM and gravity, carry long-standing, open problems. Research has
been able to resolve many of the big consistency questions belonging to each field separately, such
as the nature of the Higgs mechanism or the calculation of the CMB temperature; however, we seek
to bring into agreement all fundamental descriptions of natural phenomena. In particular, some of
the most important remaining questions are at the interface of particle physics and cosmology, that
is, only if both fields are considered in combination.
Examples are plenty, such as the unknown nature of dark matter, or the form of the energy
density governing the current expansion of the universe (‘dark energy’). Interpreting observational
data from various sources using the cosmological concordance model, the energy budget of the
universe in its current state is approximately 25 % dark matter, 70 % dark energy, while only about
5 % is accounted for by ordinary baryonic matter (see Fig. 1.1). While the inclusion of an additional
matter component within cosmological analyses is trivial, to explain such a matter distribution with
SM physics does not seem to be viable. As another example, we find the cosmological constant
problem, where the inclusion of particle loops on a curved space-time grossly fails to predict the
current vacuum energy density. We also take note of the baryon asymmetry, or the unclear nature
of a UV-complete theory of quantum gravity.
Note that the problems mentioned above arise only when the theoretical framework employed
in the description of particles is combined with general relativity, and one seeks to simultaneously
explain cosmological, astrophysical and particle physics observations. Due to the nature of these
problems, we can expect that they require solutions which are not isolated to one sector (particles
or gravity). Instead, an ansatz which combines both the particle physics point of view and an
understanding of the cosmological background may prove useful for the development of a coherent
description of nature. The research presented in this thesis has been conducted with this paradigm in
mind. This shift in perspective follows an ongoing trend in fundamental physics research. It brings
about some obvious considerations, such as whether a proposed dark matter candidate can correctly
reproduce the observed dark matter abundance, all the while being compliant with constraints
from big bang nucleosynthesis (BBN) or the bullet cluster, but also with collider and beam dump
experiments. But the interplay of particle physics and cosmology also has more subtle implications.
For example, consider Bimetric Gravity (bigravity), an extension to general relativity which will be
discussed in detail in Chapters 2–5. The integral point to the construction of Bimetric Gravity is

13
to extend GR to accommodate a massive graviton. The search for a consistent theory of a massive
spin-2 particle can clearly be motivated from a particle physics point of view, but as the study
presented in Chapter 5 will show, Bimetric Gravity is also able to provide a viable cosmological
history, while retaining its most attractive feature, i.e. a solution to the ‘new’ cosmological constant
problem (see also the discussion in Sec. 2.3).
This manuscript is separated into two major parts, which approach the interface of particle
physics and cosmology from different angles. Chapters 2–5 are oriented towards the astrophysical
implications of a modified gravity sector. In Chapter 2, we begin with a review of the current
status of the cosmological concordance model, and discuss in depth the dark matter and dark
energy problems. Motivated by these issues, we introduce the theories of Massive Gravity and
Bimetric Gravity. We review the construction of the consistent theory of interacting spin-2 objects
in the remainder of Chapter 2.
The following Chapters 3–5 are dedicated to the investigation of the phenomenology of Bimetric
Gravity. In Chapter 3, original research on this topic is presented in the form of the first consistent
derivation of gravitational wave oscillations – a mixing phenomenon between the two metrics, much
akin to two-flavour neutrino oscillations. This possible detection signature is further explored in
Chapter 4, where the decoherence regime of gravitational waves is employed to set bounds on the
graviton mass.
In Chapter 5, the astrophysical tests of Bimetric Gravity are complemented by a statistical
analysis of the theory, based on data sourced from a variety of cosmological observations. We
expect any modification of GR not only to ameliorate the theoretical inconsistencies of ΛCDM,
but also to improve the agreement with existing observations. In the analysis featured in this
chapter, Bimetric Gravity is therefore put to the test against the concordance model and some of
its iterations (kΛCDM, ωΛCDM). We also introduce a more radical modification of gravity in the
form of Conformal Gravity. This theory implements a gravitational sector which is invariant under
conformal transformations (we will revisit conformal symmetry in a particle physics application
in Chapter 7). The sum of models is tested against a list of precise cosmological observations,
extending over a wide range of redshifts. We use Supernova and quasar data at high redshift, as
well as input from BBN, the CMB and baryon acoustic oscillations (BAO). The statistical analysis
is discussed in detail, and we draw conclusions on the viability of the various modifications to GR.
We switch gears in Chapters 6 and 7, where the question of the nature of dark matter is investigated through a particle physics approach. Motivated by the sheer abundance of possible dark
matter models, we study a class of models beyond the SM (BSM) based on general symmetry arguments. Using effective field theory (EFT) and qualities of particle propagators determined by
conformal symmetry, we are able to calculate physical effects for models in this class without the
need to specify the theories explicitly. We do however give concrete examples, e.g. pure YangMills theories or Randall-Sundrum inspired models. The phenomenology of such dark sectors (DS)
is tested against an extensive array of experimental observations. We consider high-energy collider searches for missing energy and displaced vertex events performed at LEP and LHC, as well
as electroweak precision tests and modifications of Higgs physics. These results are accompanied
by searches using the fixed-target beam dump experiments NA64 and E137, where high-intensity
beams are employed in the search for new physics effects, as well as hadron decays from related
experimental setups such as BESIII. We include further laboratory tests in the form of precision
experiments at lower energies, such as the lifetime of positronium. These terrestrial constraints are
flanked by celestial observations, where we are able to set bounds on an approximately conformal
dark sector through stellar evolution and the observation of supernova SN1978A.
This manuscript is concluded in Chapter 8 with a summary of the results obtained, and an
outlook on future paths in particle physics and cosmology.
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Conventions. Natural units and the Einstein sum convention are used throughout this manuscript.
−2
We define the Planck mass as 8π GN = MPl
. Square brackets denote a trace, [X] = Xµµ . For
the metric, we use the GR convention with the flat metric η = diag(−1, 1, 1, 1) in Chapters 2–5,
whereas in the more particle physics oriented Chapters 6 and 7, we define the Minkowski metric
as η = diag(1, −1, −1, −1) such that p2 = +m2 . A ⊃ B with A and B terms in equations means
that B is only one addend comprising A, i.e. A = B + ... The brackets of the anti-commutator
are defined as [A, B] = AB − BA, and we extend this notation to the anti-commuting of indices,
A[µ Bν] = Aµ Bν − Aν Bµ . Similarly, A(µ Bν) = Aµ Bν + Aν Bµ .

2

Going Beyond: General Relativity

2.1 Charted Territory: ΛCDM
Just over a century ago, Albert Einstein published his theory of General Relativity (GR). As a key
concept, he introduced the notion of the metric as a dynamical field, whose dynamics are determined
from the Einstein field equations (EFE),
Rµν −

R
gµν + Λ gµν = 8πG Tµν .
2

(2.1.1)

Here, the left hand side is constructed purely from the metric tensor (with the inclusion of a
cosmological constant Λ), while the right hand side of the above equation is given by the energymomentum tensor (EMT) Tµν . In this way, the EFE describe the dynamics of gravity as a coupled
system: non-zero energy densities (due to mass or radiation) generate local distortions of the metric,
whereas the metric determines the geodesics of particle motion.
Shortly after the inception of GR, two important solutions to the equations of motion were
found. In 1916, the Schwarzschild metric was published [15], which solves the EFE in vacuum,
and which describes the gravitational field outside of a spherically symmetric mass. Notably, the
Schwarzschild solution reduces to Newton’s law of gravity for weak gravitational fields. Other
efforts were concentrated on finding a cosmological solution, i.e. a metric which (to a certain degree
of approximation) could describe the universe as a whole. Over the course of the next years,
several authors contributed to this search; the endeavour culminated in the Friedmann-LemaîtreRobertson-Walker metric (FLRW) solution, laying the groundwork for the modern concordance
cosmology model, including its dynamic history of expansion and the big bang hypothesis.
The FLRW metric is constructed from the assumption that space is isotropic and homogeneous on
cosmological scales; an explicit time-dependence enters only via the scale factor a(t). This greatly
simplifies the equations of motion, yielding the Friedmann equation
H(t)2 +

X ρi (t)
k
=
2 ,
2
a(t)
3MPl
i

with the Hubble function H(t) ≡ ȧ/a, which contains all information on the cosmological expansion
rate. It is modified by the presence of the curvature term k, and energy densities ρi such as
radiation (i = r) and non-relativistic matter (i = m). By defining the energy densities with respect
to their values observed today, this can be cast into the form


H(z)2 = H02 Ω0r (1 + z)4 + Ω0m (1 + z)3 + Ω0k (1 + z)2 + ΩΛ ,
(2.1.2)
with Ω0i ≡ ρi (z=0)
. Here, we have introduced the redshift parameter z ≡ a−1 − 1 and the critical
ρc
2 , defined such that
density ρc ≡ 3H02 MPl
Ωm (z) + Ωr (z) + Ωk (z) + ΩΛ = 1.
This makes it clear that the evolution of the universe is governed by its energetic composition. It
is our goal to determine the different components which enter Eq. (2.1.2), in order to understand
to which degree the FLRW ansatz is able to describe the universe on cosmological scales.
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Figure 2.1: Energy densities ρi (z)/ρc (z = 0) in the concordance cosmology model (where curvature k = 0)
as a function of redshift.

One key component we need to take into consideration is dark matter (DM), arguably one of the
most-researched topics in contemporary (astro-) particle physics and cosmology. There is ample
evidence for the existence of DM as an additional component to the observed baryonic matter
density Ωb . On astrophysical scales, the DM hypothesis explains well the shape of galactic rotation
curves [16–18] and their velocity dispersion [19], the observation of the bullet cluster and similar
events [20, 21], and gravitational lensing [22, 23]. While several of these phenomena can also
be explained individually by theories of modified gravity, currently DM is the only framework
addressing all phenomena simultaneously. In particular, the comparison of mass distributions of
colliding galaxy clusters before and after the event is incompatible with modifications of Newton’s
law, but well-explained by a dark matter component [24].
On cosmological scales, evidence for the existence of DM is provided by the observation of the
cosmic microwave background (CMB), structure formation, and a wide range of tests of cosmological
distances which probe the Hubble function (2.1.2). In the early universe, structure is formed from
small inhomogeneities in the matter distribution, which act as gravitational wells and grow over
time. In order to reproduce the observed structures on large scales (filaments and voids) and small
scales (galaxies), the mass of the dominant DM component plays a crucial role. For hot dark matter
with a mass of order eV and below, galaxy superclusters form first and then fragment into galaxies.
This top-down paradigm has been challenged, as the characteristic length scales of superclusters
are not seen in galaxy surveys [25]; e.g. in the N-body simulation of Ref. [26], light neutrinos are
excluded as hot dark matter. The remaining viable alternative is that the dominant contribution
to DM is either warm (with a mass of order keV) or cold; such DM leads to hierarchical structure
formation, where small structures are formed first, which then grow by accretion of matter. We
conclude that except for the formation of structures, the requirement of DM can be compressed
into the statement that there exists an additional non-relativistic matter component.1
In passing, we also note that all evidence for DM is purely gravitational.
The final piece we add to our standard cosmological model is the late-time acceleration of the
expansion of the universe. Through Eq. (2.1.2), it is apparent that a sizeable cosmological constant
can become the dominant energy density p
component for low z. This leads to an exponential growth
of the scale factor with time, a(t) ∝ exp( Λ/3 t), implying an accelerated expansion at late times.
First evidence for a non-zero cosmological constant appeared in 1998 with the analysis of observations of Type Ia Supernovae (SNe) [27, 28]. With the SN data, it was possible to determine
1
In fact, in the standard term ‘cold dark matter’ of the ΛCDM model, it is understood that both warm and cold
dark matter are considered.

2.2 Towards a theory of Massive Gravity
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ΩΛ

Ωk

Ω0m

100 Ω0b

Neff

1 − Ω0m

zero

0.315 ± 0.007

4.93 ± 0.08

2.99 ± 0.17

H0 /

km/s
Mpc

67.4 ± 0.5

Table 2.1: Summary of fixed parameters and current best fits in ΛCDM from Planck 2018 results [29].
Neff is the effective number of light degrees of freedom at CMB, where the SM predicts the
value 3.046.

the deceleration parameter q0 ≡ −(Ḣ/H 2 + 1)|z=0 to be negative, implying a sizeable dark energy
contribution. Over the last twenty years, a wide range of observations has been found to be in
agreement with this, such as measurements of the CMB or baryon acoustic oscillations (BAO).
This topic, including a re-analysis using an updated and largely augmented SNe sample, will be
discussed at length in Chapter 5.
Gathering all of these components, we have constructed the ΛCDM or ‘concordance’ model, the
current standard model of cosmology.
We conclude our review of ΛCDM with a brief summary of its cosmological history: after the very
early universe, the initial conditions of primordial matter distribution have been set.2 The universe
is in a state of a hot, dense plasma of elementary particles (radiation-dominated era). As the
universe expands, temperature falls with a(t) ∝ 1/T , and at around T = O(1 MeV), nuclei start to
form in what is known as big bang nucleosynthesis (BBN). As the universe cools further and reaches
energies of order eV, the electrons undergo recombination, i.e. they bind with nuclei to form neutral
atoms. Finally, as hydrogen atoms form, photons – which so far have been in thermal equilibrium
with matter – obtain a drastically increased scattering length, and become free-streaming. The
last scattering of photons occurs at z∗ ≈ 1100, and this radiation is observed today as the CMB.
In parallel, the matter distribution undergoes the process of baryon acoustic oscillations (BAO):
before recombination, as photons and baryons are still in thermal equilibrium, the baryonic matter
densities oscillate under the forces of radiation pressure and gravity. The dominant perturbation
to a homogeneous matter distribution is a single spherical acoustic wave; at recombination, the
photons decouple and the acoustic oscillations are frozen-in as a characteristic length scale. We
observe this BAO length today in the distribution of galaxies and quasars. In the late universe,
after galaxies have formed, the dominant energy density is given by dark energy, which causes an
accelerated expansion.

2.2 Towards a theory of Massive Gravity
2.2.1 The cosmological constant problem
While ΛCDM is able to explain most data reasonably well and provides a consistent cosmological
history, perhaps its major issue is the cosmological constant problem. On the grounds of gravity
alone, we understand the EFE, Eq. (2.1.1), as the equation of a classical field, the metric gµν . The
right-hand side however is comprised of the known SM physics, whose dynamics are governed by a
quantum field theory. To current precision of gravity measurements, this semi-classical approximation is valid, even while it is unclear how it embeds into a UV complete theory of quantum gravity.
Following the QFT description of the matter content, quantum corrections to the vacuum energy
predict a large cosmological constant in the vacuum. For example, at one-loop order, a scalar φ of

2

The homogeneity of these primordial fluctuations requires an additional mechanism, such as cosmic inflation.
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mass m induces the vacuum energy contribution3
ρ1-loop
=
vac

=−

3
µ2
m4  2
−
+γ− .
−
log
2
2
(8π)

m
2

(2.2.1)

Naively, the finite piece constitutes a very large value, for the SM has masses of O(100 GeV), and we
expect BSM physics to introduce even higher masses. However, having the tools of QFT at hand, we
understand that we need to renormalise the vacuum energy at the cost of giving up its prediction.
−3 eV)4 .
By this procedure, we fix the one-loop contribution to the observed value ρobs
vac ≈ (2 × 10
Advancing to higher loop orders however, this needs to be repeated at all orders of the perturbative
series; the vacuum energy proves to be extremely sensitive to UV dynamics.
The issue is further complicated by the electroweak and QCD phase transitions of the SM, due
to which some operators in its spectrum acquire a vacuum expectation value (vev). If we set the
vacuum energy in any phase of our model to its measured value today, we obtain an additional
4
EW
4
contribution due to ρQCD
vac ∼ (100 MeV) and/or ρvac ∼ (100 GeV) in the other phases.
We stress that this fine-tuning problem appears precisely at the intersection of GR and SM physics,
that is, only when both theories are combined.
We conclude that if the QFT prediction is true, the vacuum energy due to matter fields must
not gravitate in the way that GR predicts. This continues to be one of the main driving forces
for consistent theories of gravity beyond GR. One such candidate theory is Massive Gravity (MG)
and the related theory of Bimetric Gravity (bigravity). The introduction of a (small) graviton mass
leads to modified IR physics, while both theories still behaves like GR at small scales due to strong
coupling effects of the additional modes. By introducing a potential for the metric, MG tackles
the cosmological constant problem in twofold ways: it implements degravitation of the dark energy
component, that is a screening of a potentially large cosmological constant. On the other hand, if
one accepts that the vacuum energy due to ordinary matter does not gravitate at all, it also provides
a radiatively stable and arbitrarily small dark energy component in the form of the graviton mass.
Apart from dark energy, the development of Massive Gravity theories has lead to a plethora of
interesting phenomena, which we will detail in the following.

2.2.2 The Fierz-Pauli Lagrangian
Returning to the formulation of GR in terms of the equations of motion (2.1.1), let us take a step
back, and assume a particle physicist’s point of view on the construction of Massive Gravity.
In quantum field theory on a flat space-time manifold, particles are constructed as unitary, irreducible representations of the Poincaré group ISO(1, 3). As demonstrated by Wigner in 1939 [30],
such representations are classified by two numbers: their mass m ≥ 0 and spin J = 0, 21 , 1, ... For
representations with J = 0, he showed that there is one independent d.o.f., while for J > 0, each
representation carries 2J + 1 polarisations if m is non-zero and exactly two polarisations if m = 0.
Across different fields of physics, we have found that a vast range of natural phenomena can be well
described by these properties (with the inclusion of additional quantum numbers). In particular,
the SM of particle physics is constructed from massless as well as massive representations of spin
0, 12 , and 1.4
Experimental observations tell us that no fundamental particle with spin beyond 1 is required
in particle physics. However, we know of such a field as the mediator of gravity. The EFE can be
3

An identical, but formally correct result is also obtained by an evaluation of the effective action W , which
extends the calculation of the bubble diagram to curved space-time.
4
The scalar representation – the Higgs field – acquires a mass due to the electroweak phase transition.
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derived from the Einstein-Hilbert action,
SEH

2
MPl
=
2

Z

d4 x

q
| det gµν | (R − 2Λ)

(2.2.2)

which makes the underlying diffeomorphism invariance of the theory apparent. Recall that Wigner’s
classification is only defined on a Minkowski background metric; indeed, if we linearise Eq. (2.2.2), we
see that the metric perturbations are described by a two-index field with two propagating helicities.
Thus, expressed in modern particle physics terms, we understand GR to be the unique theory of a
massless particle of spin-2.
It is a natural question to ask whether we can formulate a consistent theory of a massive spin-2
field. We will elaborate this question in the following along the lines of the reviews [31, 32].

We start out at the level of linear perturbations to the Minkowski metric, g µν = η µν −hµν +O h2 .
The kinetic term is the same as in GR, Eq. (2.2.2). The linearised Einstein-Hilbert Lagrangian is
1
1
1
1
Llin-GR = hµν hµν − hµν ∂ µ ∂α hνα + h ∂µ ∂ν hµν − h  h.
4
2
2
4
By choosing an appropriate gauge, one can show that this describes two propagating d.o.f., as we
expect for a massless particle of helicity-2. To this kinetic term we now add a mass term in the
form of all possible contractions of hµν ,
Lmass = m2 [a(hµν )2 + b h2 ].

(2.2.3)

Already at the linear level of Massive Gravity, we need to be wary of ghost modes, as can be seen by
the decomposition of hµν into the transverse helicity-2 and -1 modes hTµν , ATµ , and the longitudinal
scalar mode πL .5 Inserting hµν ⊃ ∂µ ∂ν πL /m2 yields four-derivative terms of the form
Lmass =

1
[a + b]πL 2 πL .
m2

(2.2.4)

While not immediately apparent, this Lagrangian encompasses two propagating degrees of freedom.
Crucially, it introduces an Ostrogradsky instability, i.e. one of these modes always has a kinetic term
with an opposite sign. We can see this by introducing a Lagrangian multiplier6 [32],
Lmass =

1
1 
[a + b] χ̃πL − χ̃2
2
m
4

subject to the e.o.m. of χ̃, which is 2πL = χ̃. The two modes can now be made manifest by
transforming πL = (φ1 + φ2 ) and χ̃ = (φ1 − φ2 ), whereupon
Lmass =


1
1
[a + b] φ1 φ1 − φ2 φ2 − (φ1 − φ2 )2
2
m
4

after integrating by parts twice. As is now apparent, the kinetic energy of one scalar mode contributes negatively, and there is no stable ground state.
The instability is cured by fixing a = −b, which yields the linearised action
1
LFP = Llin-GR − m2 [h2µν − h2 ],
8

(2.2.5)

known as the Fierz-Pauli Lagrangian [33, 34], proposed already in 1939.
5

In the following, we will focus on the modes hTµν and πL , as ATµ is not excites directly (there is no quantity it
can be coupled to in a gauge-invariant way).
6
The analysis described here presupposes that hµν is a dynamical field, such that a counting of d.o.f. is applicable.
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Note that the mass term breaks linearised coordinate invariance, under which hµν 7→ hµν +
∂(µ ξν) . This is problematic, as we have set out to give the graviton a mass without breaking
Poincaré symmetry. However, similar to the Proca action for a massive vector field exhibiting a
U (1) symmetry, this can easily be accommodated by the introduction of Stückelberg fields. We add
four fields χµ , such that the Fierz-Pauli mass term becomes
1
2

m2 [(hµν + ∂(µ χν) )2 − (h + 2 ∂µ χµ )2 ]

(2.2.6)

which is invariant under the transformation χµ 7→ χµ − 21 ξµ .

2.2.3 vDVZ discontinuity
We will now define the propagator of the massive graviton and compare to the massless case.
Coupled to a source, the linearised Lagrangian (2.2.5) implies the e.o.m.
αβ
Êµν
hαβ +

Tµν
m2
(hµν − ηµν h) =
2
MPl

(2.2.7)

αβ
with the Lichnerowicz operator Êµν
hαβ ≡ − 21 [hµν − ∂(µ ∂α hαν) + ∂µ ∂ν h − ηµν (h − ∂α ∂β hαβ )].
The e.o.m. can be rewritten in the form

( − m2 )hµν =

 Tαβ
1
1
1
massive Tαβ
η̃µα η̃νβ + η̃µβ η̃να − η̃αβ η̃µν
≡ fµναβ
2
2
3
MPl
MPl

where η̃µν ≡ ηµν − ∂µ ∂ν /m2 . This is solved by the propagator
0
Gmassive
µναβ (x, x ) ∝

massive
fµναβ

 − m2

.

A well-known issue arises in the computation of the amplitude of a gravitational exchange between
two sources,
Z
1
0
αβ
massive
,
(2.2.8)
A
= 2
d4 x T 0µν Gmassive
µναβ (x, x ) T
MPl
which in the limit m → 0 takes the form
lim A

m→0

massive

2
=− 2
MPl

Z

d4 x T 0µν

1
1
(T µν − T ηµν ),

3

(2.2.9)

where we have assumed that the sources are conserved.
This result is to be compared to the genuinely massless case of GR. By use of the de Donder
gauge ∂µ hµν = 12 ∂ν h, the linearised EFE can be written as
hµν = −

2
1
(Tµν − T ηµν ),
MPl
2

(2.2.10)

and the propagator is
0
Gmassless
µναβ (x, x )

=

massless
fµναβ



.

1
1
massless ≡ 1 η η
with fµναβ
2 µα νβ + 2 ηµβ ηνα − 2 ηαβ ηµν . The gravitational amplitude in this case is
Z
2
1
1
Amassless = − 2
d4 x T 0µν (T µν − T ηµν ).
(2.2.11)

2
MPl
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Let us compare this result to the m → 0 case of massive linearised gravity, Eq. (2.2.9). Assuming
two massive, non-relativistic test bodies as sources with components T 00 = m1 and T 000 = m2 , we
recover Newton’s law of gravitation [35],
V massless (r) =

GN m1 m2
,
r

V m→0 (r) =

4 GN m1 m2
,
3
r

(2.2.12)

where we find the potential induced by the massive graviton to deviate from the genuinely massless
case independent of how small m is. This is the well-known van Dam-Veltman-Zakharov (vDVZ)
discontinuity of Fierz-Pauli massive gravity [36, 37]. A modified potential of such form is excluded
already by tests within the solar system.7 The origin of the discrepancy lies in the additional
helicity-0 mode, which obtains non-linearly growing field values in the vicinity of matter. The
resolution to the vDVZ discontinuity will thus become apparent once we generalise Fierz-Pauli
massive gravity to the non-linear level.

2.2.4 Reintroducing non-linear diffeomorphism invariance
As GR is a theory of a non-linearly realised gauge symmetry – diffeomorphism invariance – it is clear
that we must undo the linearisation and seek a generalisation of the mass term (2.2.6). Attempting
to form a potential term from gµν alone, we find that the only gauge-invariant contraction is
g µν gµν = 4, i.e. a cosmological constant term. Thus, we are required to introduce a secondary
two-index field, a ‘reference metric’ g̃µν [38]. In order to implement diffeomorphism invariance, the
Stückelberg fields are promoted to a non-linear representation: with the use of four scalar auxiliary
fields φa , we construct
g̃µν ≡ ∂µ φa ∂ν φb ηab ,
which evidently transforms as a tensor under diffeomorphisms [39–41]. The auxiliary fields are
related to the linear Stückelberg fields via φa = xa − η aµ χµ /MPl .
We can now form the scalar quantity g −1 g̃ ≡ g µα g̃αν , and use it to write down a potential for
gµν . As the simplest ansatz, we may choose to extend Eq. (2.2.6) by writing
Z
o
√ n
2
S ⊃ −m2 MPl
d4 x −g [(I − g −1 g̃)2 ] − [I − g −1 g̃]2
(2.2.13)

with I = δνµ . It is easy to see that this reproduces the Fierz-Pauli term, e.g. by choosing a gauge
where the reference metric is Minkowski (‘unitary gauge’). However, this also reintroduces higher
derivative terms, and thus an Ostrogradsky instability. We see this by writing explicitly the modes
of the Stückelberg fields as8
χµ =

1 T
1
A +
∂µ πL .
m µ m2

Extracting the scalar mode πL only,
(g −1 g̃)µν ⊃ δνµ −


1
2
µ
γ
3
µ
(∂
∂
π
)(∂
∂
π
)
+
O
π
∂
∂
π
+
ν
γ
ν
L
L
L
L
2 m4
MPl m2
MPl

and therefore Eq. (2.2.13) becomes [32]
Z
n 4


o
4
1
2
2
3
2
4
2 2
− d4 x
[Π
]
−
[Π]
−
[Π
]
−
[Π][Π
]
+
[Π
]
−
[Π
]
2 m6
m2
MPl m4
MPl
7

(2.2.14)

(2.2.15)

Solar system bounds can be accommodated by a redefinition of GN , however the discontinuity will then reappear
in other observations, such as gravitational lensing.
8
In this gauge, the Stückelberg fields describe the helicity-1 and -0 modes, while hµν is the transverse traceless
mode.
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where we have defined Πµν ≡ ∂µ ∂ν πL . As per construction, at quadratic order in πL the higher
derivative terms cancel up to a total derivative,
IP

[Π2 ] − [Π]2 = ∂ µ ∂α πL ∂ α ∂µ πL − (∂ µ ∂µ πL )2 = 0.

(2.2.16)

At higher order in 1/MPl however, we find no such cancellation, as can be seen by expanding πL
about a background configuration, πL = πL0 + δπL . The cubic term becomes [32]

[Π3 ] − [Π][Π2 ] = Z µναβ [∂µ ∂ν δπL ][∂α ∂β δπL ] + O (πL0 )3 , (πL0 )2 δπL , δπL3
(2.2.17)
with Z µναβ = 3η να ∂ µ ∂ β πL0 − πL0 η µα η νβ − 2∂ α ∂ β πL0 η µν .

We see that the simple ansatz (2.2.13) leads to an inconsistency on arbitrary backgrounds; the
appearing negative-norm state at the non-linear level is known as a Boulware-Deser (BD) ghost [42].
Historically, this constituted the main obstacle to the construction of a consistent theory of Massive
Gravity. Nowadays, avoiding the BD ghost can be seen as a guiding principle for the construction
of the unique ghost-free theory of Massive Gravity, the ‘dRGT theory’ due to de Rham, Gabadadze
and Tolley [43–45].
The appearance of the BD ghost is also apparent when counting the number of degrees of freedom (d.o.f.). In GR in D = 4, the metric has 10 d.o.f. The Bianchi constraint equations eliminate
four of these, and with an appropriate coordinate transformation we remove four additional d.o.f.;
this leaves two propagating d.o.f. for the graviton, in agreement with a massless spin-2 representation of the Lorentz group. On the other hand, in the linearised construction of Massive Gravity,
we have restored coordinate invariance at the cost of introducing four additional d.o.f. (the Stückelberg fields φa ) – the mismatch between these six modes and the five physical polarisations of a
massive spin-2 field signals the appearance of the BD ghost. It shows that we must render one
mode non-dynamical to all orders in non-linearities by setting the coefficients appropriately.
In order to construct the ghost-free potential of g and g̃, three approaches are known: the
metric formulation, the Vielbein (or Tetrad) formalism, and deconstruction of an extra dimension.
We will briefly describe the metric formulation and its historic development, while we will work
out the Vielbein formulation of Massive Gravity in detail. This is followed by a summary of the
deconstruction approach.

2.2.5 Metric formulation
Starting from the Einstein-Hilbert action, the immediately apparent approach is to extend the
Fierz-Pauli term non-linearly in the metric formulation. As we have noted, the principal difficulty
lies in identifying those terms which produce higher derivatives of πL . These modes are isolated in
the decoupling limit, where one takes MPl → ∞ and m → 0 such that the scale9
Λ3 ≡ (m2 MPl )1/3

(2.2.18)

remains constant. This keeps all orders in πL , which scale with 1/Λ33 , while decoupling non-linear
powers of the helicity-2 mode. One can now perform an EFT expansion in powers of πL – which
is what we have done to quadratic order when setting the coefficients a and b in Eq. (2.2.4). In a
series of seminal papers in 2010–11, it was shown that this cancellation can be extended to higher
orders: in Ref. [43], de Rham and Gabadadze showed that at each order in Πµν , there exists a
unique combination of contractions of Πµν such that the sum is a total derivative. By choosing the
coefficients of the EFT series appropriately, the potential (up to quartic order) can be rewritten
as these total derivatives, and the BD ghost is eliminated. Furthermore, it was shown that orders
9
In a general theory of Massive Gravity, interactions of πL arise already at order Λ5 ≡ (m4 MPl )1/5 , but one can
show that these are always pathological [46].
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at the quintic level in Πµν and beyond vanish identically. This construction of a potential for
Massive Gravity was extended to full non-linear covariance in Ref. [44] by making the replacement
Πµν 7→ I − g −1 g̃. The final missing piece was the proof that the potential remains ghost-free away
from the decoupling limit, as demonstrated in Refs. [45, 47–51]. Briefly, the proof consists of showing
the existence of a Hamiltonian constraint, which eliminates one d.o.f. from the theory. To this end,
the action is rewritten using the ADM formalism, see also Sec. 2.2.6.
The fully non-linear, ghost-free potential will be given in Eq. (2.2.75) and is discussed in detail
in Sec. 2.2.8.

2.2.6 Vielbein formulation
However, the derivation of dRGT theory in the metric formulation is cumbersome and the cancellation of terms which introduce the BD ghost must be set by hand. As it turns out, the construction
of the potential is most easily formulated with the use of Vielbeins. For any object to be evaluated
at a point xµ in spacetime, we define a set of coordinates ξ A which span a local inertial frame in xµ .
This defines the Vielbein eA (x),
eA
µ ≡

∂ξ A (x)
,
∂xµ

µ
eA ≡ eA
µ dx .

(2.2.19)

−1 ≡ eµ . The Vielbein is related to
We also define the inverse Vielbein with inverted indices, (eA
a
µ)
the metric via

gµν dxµ dxν = ds2 = eA eB ηAB

⇒

B
gµν (x) = eA
µ (x)eν (x) ηAB .

(2.2.20)

eA
µ (x) carries two types of indices: the Greek letter µ indicates the usual index of a vector under
general coordinate transformations in curved space, while Roman A is a ‘flat’ index in a local
Lorentz frame. Crucially, we note that the Vielbeins span a different tangent space in different
points xµ . Therefore, the Lorentz transformations are local,
LL

A
B
eA
µ (x) 7−→ Λ(x) B eµ (x)

(2.2.21)

where we stress that Λ = Λ(x). This admits an analogy with gauge theories of spin-1 particles,
where eµa transforms in a fundamental representation of diffeomorphism, and as fundamental of an
‘internal’ symmetry (local Lorentz transformations).
We will now review the construction of the Einstein-Hilbert Lagrangian in the Vielbein formalism,
following closely Refs. [52] and [53].
Essentials of the Vielbein formulation of GR
In the Vielbein language, the Ricci scalar can be expressed solely by eA and its first derivatives. In
the subsequent analysis of the d.o.f., this fact will be of great use. To derive this form, we define
two separate covariant derivatives: for a mixed index object λβ,A (one index of general coordinate
transformations β, one local Lorentz index A), let
Dα λβ,A ≡ ∂α λβ,A + Γβ αγ λγ,A + ωα AB λβ,B

∇α λβ,A ≡ ∂α λβ,A + Γβ αγ λγ,A .

(2.2.22)
(2.2.23)

Here, Γβ αγ is the usual connection in curved space and ωα AB the spin-connection. As we note, Dα
is the covariant derivate w.r.t. both types of indices, while ∇α remains agnostic to the presence
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of local Lorentz indices. We require the Vielbein postulate, i.e. the covariant derivatives to be
compatible with the metric and the Vielbein,
Dα eβ,A = 0

∇α gβγ = 0

(2.2.24)
⇒

Dα gβγ = 0.

(2.2.25)

Analogously to vector gauge theories, one can define the Riemann tensor from the anti-commutator
of the covariant derivative acting on a generic representation. As we now have both Dα and ∇α at
our disposal, we define the mixed index Riemann tensor
RαβAB λB ≡ [Dα , Dβ ]λA

(2.2.26)

Rαβµν λν ≡ [∇α , ∇β ]λµ .

(2.2.27)

and equivalently

δ
α
The two definitions are related via RαβAB eδB eA
γ = Rαβγ , as can be seen by setting λA = eA λα :

RαβAB eµB λµ = [Dα , Dβ ]eµA λµ

= eµA [∇α, ∇β ]λµ = eνA Rαβν µ λµ

(2.2.28)

where in passing to the second line we have made use of Eqs. (2.2.24) and (2.2.27). Given this, the
Ricci scalar is expressed in terms of the Vielbeins as
β,A
R = g αγ Rαβγ β = g αγ eβA Rαβγ δ eA
[∇α , ∇β ]eαA
δ =e

(2.2.29)

As is apparent, the Ricci scalar written in this form is still a function of second derivatives on
the Vielbein. We now make use of the definition of Dα and the compatibility of the Vielbein,
Eq. (2.2.24),
0 = Dα eβ,A = ∇α eβ,A + ωα,AB eB
β.
By solving for ∇α eβ,A and inserting twice into Eq. (2.2.29), we have
i
h
R = ∇α (eβ,A ∇β eαA ) − ωα AJ eβJ ωβ,AI eα,I + (α ↔ β).

(2.2.30)

(2.2.31)

The first term is a total derivative, which we neglect in the following. In order to simplify our
calculations further, we define
ΩABC ≡ eα,A eβ,B ∂[α eC
β]
1
⇒ ωα AB = eα,C (ΩCAB + ΩBCA − ΩABC )
2

(2.2.32)

and thus, the Einstein-Hilbert Lagrangian takes the form

1
1
LEH = e R = e ΩABA ΩCB C − ΩABC ΩACB − ΩABC ΩABC .
2
4

(2.2.33)

We will also make use of the exterior product notation,

B
µ
ν
eA ∧ eB ≡ eA
µ eν dx ∧ dx

(2.2.34)

where dxµ1 ∧ ... ∧ dxµD is defined as the volume element in D dimensions, dD x. In this notation,
the mixed-index Riemann tensor is
AB
A
A
Rµν
= ∂µ ωνAB − ∂ν ωµAB + ωµ,C
ωνCB − ων,C
ωµCB .

(2.2.35)
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Furthermore, we define the Levi-Civita symbol ε̃ABCD as the pseudotensor in a local Lorentz frame,
and its generalisation to curved spacetime,
µνρσ = e ε̃ KLM N eµK eνL eρM eσN ,

(2.2.36)

µνρσ transforms as a tensor.
where the factor e ≡ det eA
µ ensures that 
We will p
also translate the Vielbein formulation to the metric formalism. To this end, a useful
relation is det gµν = det eA
µ . This can be shown with the definition of the Vielbein determinant,

det eA
µ =

1 µνρσ
B C D

ε̃ABCD eA
µ eν eρ eσ .
4!

The determinant of the metric is
p
 1 µνρσ αβγδ
1/2
det gµν =


gµα gνβ gργ gσδ
4!
1/2
1
B
C
D
e ε̃ KLM N eµK eνL eρM eσN αβγδ eA
=
µ eα,A eν eβ,B eρ eγ,C eσ eδ,D
4!
1

B C D 1/2
=
e ε̃ ABCD αβγδ eA
= [e · e]1/2 = e.
α eβ eγ eδ
4!

(2.2.37)

(2.2.38)

Constructing a potential of Vielbeins

With the definition of the Ricci scalar in terms of the Vielbeins, the kinetic term of the metric is
2 Z
MPl
d4 x e (R[e] − 2Λ)
(2.2.39)
SEH =
2

In this alternative language, we now proceed with the construction of Massive Gravity. We define
a secondary Vielbein fµA (x), in complete analogy with the reference metric g̃µν . We also let fµA
transform independently of eA
µ under both local Lorentz and general coordinate transformations.
Now we may ask: which is the unique ghost-free potential of two Vielbeins eA and f A ? We can
motivate an ansatz by evaluating terms which need to be present. For example, the only term
in the Einstein-Hilbert action without derivatives is the cosmological constant term Λ. Rewritten
explicitly in terms of the Vielbein eA , it is
Z
Z
1
4
d x e Λ = Λ ˜ABCD eA ∧ eB ∧ eC ∧ eD .
(2.2.40)
4!

To see this, we use Eqs. (2.2.34) and (2.2.36),

B C D
µ
ν
ρ
σ
ε̃ABCD eA ∧ eB ∧ eC ∧ eD = ε̃ABCD eA
µ eν eρ eσ dx ∧ dx ∧ dx ∧ dx
B C D 4
= ε̃ABCD µνρσ eA
µ eν eρ eσ d x

B C D µ ν ρ σ 4
= e ε̃ABCD ε̃ KLM N eA
µ eν eρ eσ eK eL eM eN d x

(2.2.41)

= e ε̃ABCD ε̃ ABCD d4 x = 4! e d4 x.
Equivalently, we expect a similar term in f A to be present,
Z
Z
d4 x f ∝ ˜ABCD f A ∧ f B ∧ f C ∧ f D .

(2.2.42)

with f ≡ det fµA . Extension to mixing terms in eA and f A is now highly suggestive, and thus it was
conjectured by Hinterbichler and Rosen [54] that the unique ghost-free potential for N Vielbeins
e(1) , ... , e(N ) in D = 4 takes the form
V (e(1) , ... , e(N ) ) =

N
X

I1 ,I2 ,I3 ,I4 =1

B
C
D
T I1 I2 I3 I4 ˜ABCD eA
(I1 ) ∧ e(I2 ) ∧ e(I3 ) ∧ e(I4 ) .

(2.2.43)
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Here, T I1 I2 I3 I4 is a totally symmetric tensor of constant coefficients. We see that Eq. (2.2.43) breaks
the N local Lorentz and N general coordinate transformations down to the ‘diagonal’ subgroup,
−1 A
where all Vielbeins transform simultaneously, such that (eA
(I1 ),µ ) e(I2 ),µ is invariant.
In the two-Vielbein case N = 2, Eq. (2.2.43) produces five terms for the potential. Going back
A
A
A
to the notation eA
(1) = e and e(2) = f , these are
V (e, f ) = α0 ˜ABCD eA ∧ eB ∧ eC ∧ eD

+ α1 ˜ABCD eA ∧ eB ∧ eC ∧ f D

+ α2 ˜ABCD eA ∧ eB ∧ f C ∧ f D

(2.2.44)

+ α3 ˜ABCD eA ∧ f B ∧ f C ∧ f D

+ α4 ˜ABCD f A ∧ f B ∧ f C ∧ f D
with constants αi .
In order to accept this proposal, we need to examine V (e, f ) for two qualities:
1. Does its construction ensure ghost-freeness?
2. Is it the unique ghost-free potential of two Vielbeins?
In order to demonstrate that the potential (2.2.44) is ghost-free, we review the analysis performed
in Ref. [54] (see also Refs. [53, 55]). To this end, the Lagrangian of Massive Gravity is examined in
terms of the ADM parametrisation [56].
ADM analysis
The ADM programme consists of deriving the Hamiltonian to the action in a (3+1)-decomposition
of space-time, and examining which d.o.f. propagate. We will begin with an analysis of the kinetic
term, the Einstein-Hilbert Lagrangian, following Ref. [53].
In the ADM formalism, instead of using a general form of the metric gµν , which treats all spacetime dimensions equally, the time coordinate is singled out: space-time is foliated into surfaces of
equal times, and one can show that the ten components of the metric are decomposed as
ds2 = −N 2 dt2 + γij (dxi + N i dt)(dxj + N j dt).

(2.2.45)

N is known as the lapse function, and the three-vector N i is conventionally called the shift. In
terms of the Vielbein, this corresponds to [53]


N N0 + N i ei,0 N Na + N i ei,a
eµ,A =
(2.2.46)
ei,0
ei,a
 N0
a
− N − NN
µ,A
e
=
(2.2.47)
ei,0
ei,a
where a = 1, 2, 3 is a flat index, and i = 1, 2, 3 an index of general coordinate transformations.10
The metric (2.2.45) is reproduced with the conditions
N A ei,A = 0

N A NA = −1

ei,A eA
j = γij .

(2.2.48)

In this decomposition, the determinant of the metric is det gµν = −N 2 det γij , equivalent to e =
N det eai . We define the determinant of the spatial Vielbein, (3) e ≡ det eai .
10

In the following, a, b, c denote flat spatial indices, while i, j, k denote curved spatial indices.
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By a local Lorentz transformation, we can bring the generic Vielbein eA
µ into an upper triangular
A
form [54, 57]. This corresponds to the choice N = (1, 0, 0, 0), upon which we obtain


N N i eai
A
êµ =
(2.2.49)
0
eai

 1
0
−N
µ,A
.
(2.2.50)
ê
= Ni
ei,a
N
A
To show how êA
µ is related to the general Vielbein eµ , we make use of a standard Lorentz boost
a
with a three-vector v as gauge parameter,


γ
va
A
Λ(v) B =
,
(2.2.51)
1
v a vb
vb δba + 1+γ
√
with γ ≡ 1 + v a va . Under this Lorentz boost, êA
µ transforms as
!
i ea v
a + N i eb (δ a + 1 v a v )
N
γ
+
N
N
v
a
b
i
i b
1+γ
Λ(v)AB êB
.
(2.2.52)
1
µ =
v a vb )
eai va
ebi (δba + 1+γ

Comparison with Eq. (2.2.46) shows that this is a mere reparametrisation of a generic Vielbein.
Furthermore, the Ricci scalar can be written as a function purely of the metric, and thus is agnostic
towards the Lorentz structure of the Vielbein. It is therefore sufficient to use the gauge-fixed upper
triangular Vielbein êA
µ to calculate R.
We thus proceed to evaluate ΩABC , see Eq. (2.2.33), for which we find
Ω0ab = −

1 j,a
N i j,a
e ∂[0 ebj] +
e ∂[i ebj]
N
N

1 j,a
e ∂j N
N
=0

Ω0a0 =
Ωab0
Ω

abc

i,a j,b

=e e

(2.2.53)

∂[i ecj]

Inserting this into the Einstein-Hilbert Lagrangian (2.2.33), we obtain
LEH = N (3) e

 (3)


1
R + 2 Ωb00 Ωba a + Ωa0a Ωb0 b − Ω0bc Ω0(bc)
2

(2.2.54)

where we have defined the spatial Ricci scalar (3) R, which can be derived straightforwardly through
the spatial covariant derivative ∇a . Again, additional surface terms have been dropped.
Analogously to classical mechanics, the canonical momenta are defined from the Lagrangian
through the variation w.r.t. the components of ėA
µ , and we have
δLEH
= (3) e (Ω0(ba) eib − 2 Ω0b b ei,a )
δ ėi,a
δLEH
δLEH
p≡
=0
pi ≡
= 0.
δ Ṅ
δ Ṅi

π i,a ≡

(2.2.55)

Crucially, we immediately see from Eqs. (2.2.53) that the momenta of the lapse N and shift N i are
zero, rendering these d.o.f. non-propagating. By noting that the combination ebi π i,a is symmetric
in a, b, we are able to construct a set of primary constraints:11
[b

P ab ≡ ei π i,a] = 0.

(2.2.56)

11
We recall that a primary constraint is an equation connecting phase-space variables; a secondary constraint is a
set of constraint equations evolved in time using the e.o.m.
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To enforce these three constraints, we add the term λab P ab to the action, where λab is an arbitrary
Lagrangian multiplier. By inverting π i,a in terms of Ωabc , we can express LEH fully as a function of
π ab ≡ π i,a ebi , (3) e and (3) R, and are now in the position to assemble the Hamiltonian HEH [52]:
1
HEH = π i,a ėi,a − LEH + λab P ab
2

N 
1 a 2
1
ab
= (3) πab π − (π a ) − 2 (3) e2 (3) R, − N i ei,a (3) Dj π j,a + λab P ab ,
2
2
2 e

(2.2.57)

where (3) Di is defined as the covariant derivative w.r.t the spatial Vielbein, i.e. such that Di ej,a = 0.
This Hamiltonian can be abbreviated as
1
HEH = N CEH + N i CiEH + λab P ab
2

1
1 
ab
where CEH = (3) πab π − (π aa )2 − 2 (3) e2 (3) R ,
2
2 e
EH
(3)
j,a
Ci = −ei,a Dj π .

(2.2.58)

With the Hamiltonian in this form at hand, it is now easy to determine the number of propagating
d.o.f. As p = pi = 0, we find CEH ≈ 0 and CiEH ≈ 0 upon use of the equations of motion. Therefore,
the lapse produces one constraint equation, while the shift provides three constraints. One can show
that these conditions respectively correspond to the diffeomorphism invariance of the system under
time re-parametrisations and spatial transformations modulo SO(3) rotations [53]; similarly, Pab is
the generator of SO(3) rotations. Therefore, each constraint equation eliminates two d.o.f. – one
due to the constraint equation itself, one due to the associated symmetry.
The d.o.f. counting is thus
× 9} − (2 × 1) − (2 × 3) − (2 × 3) = 2 × 2 d.o.f. in phase space,
|2 {z
| {z } | {z } | {z }
eia

CEH

CiEH

(2.2.59)

P ab

which is the correct number of d.o.f. for a massless spin-2 field.
We now turn to case of multiple Vielbeins. For N 0 dynamical Vielbeins12 ea(I),i , the derivation of

i,a
the kinetic term goes through as above; we define the conjugate momentum π(I)
, and by a Lorentz
a
transformation with the parameter v(I) , we can express each Vielbein in an upper-triangular form.
Thus, the kinetic terms are N 0 copies of the Einstein-Hilbert action,
Z
 i,a (I)
1 (I) ab 
(I)
(I)
i
EH
SEH = d4 x π(I)
ėi,a − N(I) CEH − N(I)
C(I),i
− λab P(I)
.
(2.2.60)
2

Crucially, we stress that each copy of the Einstein-Hilbert action is independent of the paramea .
ter v(I)
We now append the potential V (e(1) , ... , e(N ) ) of Eq. (2.2.43) to the Hamiltonian,

(2.2.61)

HMG = HEH + V (e(1) , ... , e(N ) ).
The Vielbeins are now written in terms of the parametrisation (2.2.52),
eA
(I),µ

=

1
a
1+γ(I) v(I) v(I),b )
1
a
1+γ(I) v(I) v(I),b )

i ea
a
i
b
a
N(I) γ(I) + N(I)
(I),i v(I),a N(I) v(I) + N(I) e(I),i (δb +

ea(I),i v(I),a

eb(I),i (δba +

!

.

(2.2.62)

12
The total number of Vielbeins N does not necessarily coincide with the number of dynamical Vielbeins. See the
discussion of Massive Gravity vs. Bimetric Gravity, Sec. 2.2.8.
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We recall that the potential breaks the N local Lorentz symmetries of the eA
(I) down to one Lorentz
invariance. We use this residual symmetry to set one of the Vielbeins, say eA
(1),µ , to its uppera .
triangular form. Crucially, this means that it is independent of v(1)
To show the ghost-freedom of V (e(1) , ... , e(N ) ), we now show the existence of the appropriate
number of constraints, such that only physical d.o.f. remain. We observe that eA
(I),µ is linear in the
i
lapse and shift functions N(I) and N(I) ; in particular, they only appear in the first row. Combine
this with the fact that the potential by construction is antisymmetric in all indices, it is guaranteed
i . Explicitly, a generic term
that V can be rewritten as a sum of terms proportional to N(I) or N(I)
in the potential is
D
C
B
˜ABCD eA
(I1 ) ∧ e(I2 ) ∧ e(I3 ) ∧ e(I4 )

4
D
C
B
= ˜ABCD µνρσ eA
(I1 ),µ e(I2 ),ν e(I3 ),ρ e(I4 ),σ d x .

(2.2.63)

i , and ν, ρ, σ 6= 0, hence
Picking e.g. µ = 0, we see that all terms are lead by either N(I1 ) or N(I
1)
there are no other lapse or shift functions in this term. We are thus able to write the potential
as [54]

V (e(1) , ... , e(N ) ) =

N
X
I=1

m
i
m
N(I) C(I)
+ N(I)
C(I),i



(2.2.64)

m and C m are functions of the spatial Vielbeins ea
a
where C(I)
(I),i
(I),i and the boost parameters v(I) . The
complete action is now
Z
N n
X
 EH

 EH
 1 (I) ab o
i,a (I)
4
m
i
m
π(I)
ėi,a − N(I) C(I)
Stot = d x
+ C(I)
− N(I)
C(I),i + C(I),i
− λab P(I)
(2.2.65)
2
I=1

Even though the potential in the form of Eq. (2.2.64) already suggests the presence of Hamiltonian
a in C m and C m
constraints, we need to eliminate the gauge parameter v(I)
(I)
(I),i before counting d.o.f.
To this end, we need (N − 1) equations of three-vectors (recall that we have used the one unbroken
a = 0). We use the constraint equations
Lorentz symmetry to set v(1)
δLtot
EH
m
= C(J),i
(e, π) + C(J),i
(e, v) = 0
i
δN(J)

for J = 2, ... , N .

(2.2.66)

a , but suffice to assume that the above
We need not calculate the explicit solution for the v(J)
expression can be inverted. We can then immediately plug the above equation back into the action,
which gives us
Z
N n
hX
 EH
 1 (I) ab o
 EH
i
i,a (I)
4
m
i
m
Stot = d x
π(I) ėi,a − N(I) C(I) + C(I) − λab P(I) − N(1) C(1),i + C(1),i ,
(2.2.67)
2
I=1

which is the appropriate action to count the number of d.o.f. In doing so, we find
× N ) − (2 × N × 3) − (2 × 3) = 2 × (5 N − 3)
{z × 9} − (2
|2 × N
| {z } |
{z
}
| {z }
ei(I),a

EH +C m
C(I)
(I)

ab
P(I)

EH +C m
C(1),i
(1),i

= 2 × (5 (N − 1) + 2),

(2.2.68)

which is exactly the number of d.o.f. of N − 1 massive and one massless spin-2 fields. We note that
the existence of N − 1 primary constraints is only a necessary condition to ghost-freedom. For the
proof of the existence of secondary constraints in the Vielbein formulation, see Ref. [58].
Finally, we comment on the uniqueness of Eq. (2.2.43) as the ghost-free potential of N Vielbeins.
As we have seen, its construction implies ghost-freedom at the fully non-linear order. In order to
claim that this is unique, one must invert the statement; this has been shown within the metric
reformulation in Ref. [59].
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2.2.7 Dimensional deconstruction formulation
A posteriori, we know of another way to construct the Massive Gravity potential: the introduction of
an auxiliary dimension – an approach known as dimensional deconstruction. Starting from a theory
of gravity in five dimensions, the extra dimension is discretised in position space (as opposed to
the usual KK mode decomposition in momentum space). The motivation for this approach is clear:
a massless spin-2 particle in 5D has five polarisations, exactly matching the number of d.o.f. of a
massive graviton in 4D. Furthermore, instead of resumming perturbations to the background metric
order by order, the deconstruction approach is a covariant formulation from the start.
We briefly sketch the deconstruction approach as proposed in Refs. [60–62] and reviewed in [32].
The starting point is the Einstein-Hilbert action in 5D,
Z
√
M53
S5D =
d4 x dy −g (5) R[g]
(2.2.69)
2
where gM N is the metric of five-dimensional space-time, and (5) R[g] is the associated Ricci-scalar.
As we only intend to retain four-dimensional diffeomorphism invariance, we gauge fix such that
GM N (x, y) dxM dxN = dy 2 + gµν (x, y)dxµ dxν .

(2.2.70)

As it turns out, the deconstruction approach also benefits from a reformulation using Vielbeins.13
We decompose the five-dimensional Vielbein ea with a = 1, ... , 5 as
 A µ
e dx
a
e = µ
.
(2.2.71)
dy
and by further gauge fixing set the spin connection ω associated to ea to ωyAB = 0. The discretisation
of the y-dimension means replacing
y
eA
µ (x, y)
∂y e A
µ (x, y)

7→

yi

7→

m (ei+1 A
µ (x)

7→

A
ei A
µ (x) ≡ eµ (x, yi )

−

(2.2.72)

ei A
µ (x)).

We can evaluate Eq. (2.2.69) using this procedure. For example, a two-site discretisation yields the
mass term [32]
Smass

2
m2 MPl
=
4

Z

˜ABCD (f A − eA ) ∧ (f B − eB ) ∧ eC ∧ eD

(2.2.73)

which we known from the Vielbein formulation to be part of the ghost-free potential. The full
potential is obtained by a weighted discretisation, i.e.
eA
µ (x, y)

7→

A
r ei A
µ (x) + (1 − r) ei+1 µ (x)

(2.2.74)

with arbitrary, real weight r. One can show that this reproduces the Vielbein potential of Eq. (2.2.43).
Note that ghost-freedom is not guaranteed automatically by deconstruction of a healthy fivedimensional theory. It is possible that such a theory leads to an inconsistent 4D description;
e.g. performing a naive discretisation on the metric level reintroduces the BD ghost. It is only
because we arrive at Eq. (2.2.43), which has been shown to be ghost-free, that the formulation is
consistent.
13
A straightforward discretisation of the metric leads to a mass term of the form (2.2.13), which carries a ghost
mode [32].
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2.2.8 The non-linear, ghost-free Massive Gravity potential
We now have at our disposal the fully non-linear, ghost-free potential of coupled metric objects. As
we have seen, the construction is most easily accomplished in the Vielbein language. Nevertheless,
as we are passing to the phenomenological aspects of this theory, it will be more adequate to work
in the metric formulation.
A more practical form of the potential (2.2.43) for the case N = 2 is given by [63]:
Z
Z
4
X
p
Mg2
4 √
2
2
4 √
SMG =
d x −g R(g) + m Mg
d x −g
βn en ( g −1 g̃).
(2.2.75)
2
n=0

This is the action of the dRGT theory of Massive Gravity. The potential contains the constants βi
and is a function of the five elementary polynomials
1  2  2 
e0 (X) = 1 , e1 (X) = [X] , e2 (X) =
[X] − X
,
(2.2.76)
2


 
 
1
e3 (X) =
[X]3 − 3 [X] X2 + 2 X3 , e4 (X) = det X .
(2.2.77)
6
For phenomenological reasons which will be detailed in Sec. 2.3, we will focus on the theory of
N = 2 metrics which are both dynamical. We therefore add to the action Eq. (2.2.75) a kinetic
term for the reference metric g̃.
The coupling of the metric(s) to matter can be accommodated in several ways, not all of which re√
tain ghost-freeness [64]. In analogy to GR, we introduce a matter coupling of the form −g Lmatter .
This choice is motivated as for this coupling, stable cosmological solutions are known to exist [65–68].
These additional ingredients define the theory of bimetric gravity (bigravity) we will work with
in the following. The action is
Z
Z
p
Mg̃2
√
Sbigravity = SMG +
d4 x −g̃ R̃(g̃) + d4 x −g Lmatter .
(2.2.78)
2
For convenience, we replace the scale which multiplies the potential by the effective mass scale
Meff ≡ (Mg−2 + Mg̃−2 )−1/2 .
The equations of motion w.r.t. g and g̃ are
1
1
Rµν − gµν R + Bµν (g, g̃) = 2 Tµν ,
(2.2.79a)
2
Mg
1
R̃µν − g̃µν R̃ + B̃µν (g, g̃) = 0 ,
(2.2.79b)
2
where we have defined sin2 (θ) =

2
Meff
,
Mg2

cos2 (θ) =

2
Meff
Mg̃2

and R̃µν the Ricci tensor constructed from g̃.

The coupling terms Bµν and B̃µν are obtained from the variation of the potential in the action
w.r.t. g and g̃ [63],
3
p
p


m2 sin2 (θ) X
Bµν (g, g̃) =
(−1)n βn gµλ Yλ(n) ν ( g −1 g̃) + gνλ Yλ(n) µ ( g −1 g̃) ,
2

B̃µν (g, g̃) =

m2 cos2 (θ)
2

with the functions

n=0
3
X

p
p


(−1)n β4−n g̃µλ Yλ(n) ν ( g̃ −1 g) + g̃νλ Yλ(n) µ ( g̃ −1 g) ,

(2.2.80a)
(2.2.80b)

n=0

Y1 (X) = X − 1 [X] ,
 
1
Y2 (X) = X2 − X[X] + 1([X]2 − X2 ) ,
2
 
 
 
1
1 
3
2
Y3 (X) = X − X [X] + X([X]2 − X2 ) − 1 [X]3 − 3 [X] X2 + 2 X3 .
2
6
Y0 (X) = 1 ,

(2.2.81)
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By applying the covariant derivatives to Eqs. (2.2.79), we obtain the conservation laws,
˜ µ B̃ µ = 0,
∇
ν

∇µ B µν = 0,

(2.2.82)

∇µ T µν = 0,

˜ µ is the covariant derivative constructed from g̃. The first two equations are known as
where ∇
Bianchi constraints.
We point out the symmetric structure of the equations of motion in bigravity, determined by its
construction through the diagonal subgroup of two independent diffeomorphism invariances. Setting
aside the matter coupling, this theory of bigravity is invariant under the simultaneous exchange
g ↔ g̃

Mg ↔ Mg̃

(2.2.83)

βn ↔ β4−n .

Note also that the e.o.m. of gµν completely decouple from the dynamics of g̃µν for sin θ → 0. In
this limit, GR is fully recovered; this is indeed the correct limit to decouple the additional modes,
as opposed to taking m → 0. On the other hand, in the limit cos θ → 0, the dynamics induced by
one of Einstein-Hilbert terms is smoothly shut off, while the metric potential remains non-zero; we
have thus re-obtained dRGT Massive Gravity from bigravity.

2.2.9 Strong coupling and Vainshtein mechanism
We will now discuss the resolution of the vDVZ discontinuity in the strong coupling regime of
the dRGT theory and bigravity. The central claim is that the strong coupling of the scalar mode
effectively restores the gravitational interactions to those of GR below a certain distance rV – a
screening effect known as Vainshtein mechanism. The task is thus to obtain a spherically symmetric
solution to the field equations including the potential of metrics. Historically, a closed form solution
has been obtained first in the decoupling limit, where the non-linear coupling of the scalar mode πL
to the helicity-2 mode is isolated. One can then obtain algebraic solutions to the field equations.
By an appropriate choice of the branch of solutions one then recovers the Newtonian gravitational
potential at scales below the Vainshtein radius rV (to be defined below), see Refs. [69–71].
Instead of going to the decoupling limit, we choose to work in the weak field limit of the full
theory. We will follow the analysis in [72] (see also Refs. [73, 74]), where the ansatz is made
gµν dxµ dxν = −eν1 (r) dt2 + eλ1 (r) dr2 + r2 dΩ2 ,
µ

ν

g̃µν dx dx = −e

ν2 (r)

2

λ2 (r)

dt + e

02

(2.2.84)
2

2

2

(r + r µ(r)) dr + (r + r µ(r)) dΩ ,

where a prime denotes a derivative w.r.t. the radial variable r. The ansatz has been chosen such
that both metrics are recovered as flat in the weak field limit {λ1 , λ2 , ν1 , ν2 , µ}  1. Note also that
this is not the most general spherically symmetric ansatz; in particular, non-diagonal solutions are
possible [75]. However, this ansatz is sufficient to demonstrate the effects of strong coupling.
We will now show how this spherically symmetric ansatz demonstrates the Vainshtein mechanism
at work. In order to do, we evaluate the EFE (2.2.79) using Eqs. (2.2.84) in two regimes: first, we
use the weak field approximation (linear regime), corresponding to the large distance limit. We will
show that the gravitational potential does not resemble GR and bears the vDVZ discontinuity. We
will then relax the linear approximation to a degree which easily allows us to see the modification
of the gravitational potential at short distances, restoring GR.
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Linear regime
Evaluating the field equations far removed from a mass distribution, we find a system of coupled
equations. The non-zero components of the e.o.m of gµν , written as Gµν = −Bµν , are
tt :
rr :
θθ :

m2g sin2 θ
λ1 λ01
+
=
Λ
(1
+
ν
)
+
(−λ1 + λ2 + 6µ + 2µ0 r) ,
1
r2
r
2
m2g sin2 θ
λ1 ν10
−
= Λ (1 + λ1 ) +
(−ν1 + ν2 + 4µ) ,
r2
r
2

m2g sin2 θ
1  λ01 ν10
−
− ν100 = Λ +
(−λ1 + λ2 − ν1 + ν2 + 4µ + 2µ0 r) .
2 r
r
2

(2.2.85a)
(2.2.85b)
(2.2.85c)

We have defined Λ ≡ m2 sin2 θ (β0 + 3β1 + 3β2 + β3 ) and m2g ≡ m2 (β1 + 2β2 + β3 ). As we will
see in Sec. 3.3, these quantities correspond to a cosmological constant and the physical mass of the
massive graviton.14 The corresponding equations for g̃µν are
tt :
rr :
θθ :

m2g cos2 θ
λ2 λ02
+
=
Λ̃
(1
+
ν
)
−
(−λ1 + λ2 + 6µ + 2µ0 r) ,
(2.2.86a)
2
r2
r
2
m2g cos2 θ
λ2 ν20
0
−
=
Λ̃
(1
+
λ
+
2µ
+
2µ
r)
−
(−ν1 + ν2 + 4µ) ,
(2.2.86b)
2
r2
r
2

m2g cos2 θ
1  λ02 ν20
00
−
− ν2 = Λ̃ (1 + 2µ) −
(−λ1 + λ2 − ν1 + ν2 + 4µ + 2µ0 r) , (2.2.86c)
2 r
r
2

where we additionally have defined Λ̃ ≡ m2 sin2 θ (β4 +3β3 +3β2 +β1 ). The Bianchi identities (2.2.82)
yield one constraint equation,
r
λ1 − λ2 = (ν10 − ν20 ).
2

(2.2.87)

We now choose β0 and β4 s.t. Λ and Λ̃ are set to zero; this simplifies our analysis and restricts the
solutions to be asymptotically Minkowski [74].
To obtain the first solution to this system of equations, we define ν− ≡ ν1 − ν2 and λ− ≡ λ1 − λ2 .
The steps to obtain the solution are these: we subtract the rr equations and solve for λ− , the
0 ), which we insert
solution of which we insert into Eq. (2.2.87). By this means, we obtain µ(ν− , ν−
into the tt equations, Eqs. (2.2.85a) − (2.2.86a). Combined with the Bianchi constraint, this yields
a second order differential equation for ν− ,
00
ν−
+

0
2 ν−
− m2g ν− = 0 .
r

(2.2.88)

This is solved by
ν− (r) =

C1 −mg r
e
r

(2.2.89)

where we have dropped the unphysical exponentially growing solution. For the remaining functions,
we find
C1 1 + mg r −mg r
e
,
2
r
C1
µ(r) =
(1 + mg r + m2g r2 ) e−mg r .
4 m2g r3

λ− (r) = −

(2.2.90)
(2.2.91)

14
We point out that we obtain an additional contribution on the RHS compared to Ref. [74]. As we will set both
Λ and Λ̃ to zero, this does not affect the conclusions.
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The orthogonal solution is defined by ν+ ≡ cos2 θ ν1 + sin2 θ ν2 and λ+ ≡ cos2 θ λ1 + sin2 θ λ2 .
Eqs. (2.2.85) and (2.2.86) are solved by
ν+ (r) = −
λ+ (r) =

C2
+ C3 ,
r

C2
.
r

(2.2.92)
(2.2.93)

We are now able to assemble the full solution in the linear regime:15
C1 −mg r
C2
+ sin2 θ
e
+ C3 ,
r
r
C2
C1 1 + mg r −mg r
λ1 (r) =
− sin2 θ
e
,
r
2
r
C2
C1 −mg r
ν2 (r) = −
− cos2 θ
e
+ C3 ,
r
r
C2
C1 1 + mg r −mg r
λ2 (r) =
+ cos2 θ
e
,
r
2
r
C1
(1 + mg r + m2g r2 ) e−mg r .
µ(r) =
4 m2g r3
ν1 (r) = −

(2.2.94)
(2.2.95)
(2.2.96)
(2.2.97)
(2.2.98)

As is apparent from the above solution, we have re-obtained the vDVZ discontinuity in the linear
regime. In fact, taking the limit mg → 0, we see that µ(r) develops a singularity. Inverting this
statement, we recall that the linear approximation is defined by |µ(r)|  1, i.e. when C1  m2g r3 .
We will now determine the exact behaviour as well as the radius of the onset of the strong coupling
regime.
Non-linear regime
As Eqs. (2.2.94) – (2.2.98) show, the only function in the large scale solution of the metrics which
exhibits problematic behaviour as mg → 0 is µ(r). It is therefore suggestive that we only need to
extend the non-linear analysis to µ, while keeping {λ1 , λ2 , ν1 , ν2 }  1. We will in fact see that this
is sufficient to recover the correct potential at small scales.
Let us first evaluate the Bianchi identities in the non-linear regime of µ. The only non-trivial
equation can be written as [74]
2 {r(1 + µ)}0 (λ1 − λ2 )
(β1 + 2β2 + β3 ) + 2µ(β2 + β3 ) + µ2 β3
=
r
.
{r(1 + µ)}0 ν10 − ν20
(β1 + 2β2 + β3 ) + µ(β2 + β3 )

(2.2.99)

We note that we are able to find an algebraic equation for µ(r) if we can determine all other
functions in the above equation as functions purely of µ. Fortunately, this is in fact possible in the
regime we are interested in: assuming µ(r) to be sizeable at low scales, the EFE, Eqs. (2.2.79), are
significantly simplified, as all powers of ν1 , ν2 , λ1 and λ2 can be dropped in the interaction terms
Bµν , B̃µν . The equation Gtt = −Btt + ρ/Mg 2 can be readily integrated, and we obtain the solution

β3
rS
+ m2 sin2 θ r2 µ (β1 + 2β2 + β3 ) + µ(β2 + β3 ) + µ2
(2.2.100)
r
3
outside of the mass distribution ρ. The Schwarzschild radius rS has been defined in the conventional
way, where rS = M/(4πMg2 ) = 2 M GN with M the total mass. In a similar fashion, we find from
Grr = −Brr that

rS
β3
ν10 = 2 + m2 sin2 θ r µ − (β1 + 2β2 + β3 ) + µ2
,
(2.2.101)
r
3
λ1 =

15

Note that this solution is not exactly the result we have anticipated in Sec. 2.2.3. The corresponding expression
is obtained in Massive Gravity rather than bigravity, and the ansatz (2.2.84) needs to be modified by dropping ν2
and λ2 such that ν1 = sin2 θ ν− ; one may then choose C1 = − 34 rS to find an exact matching with Eq. (2.2.12) [72].
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and from G̃tt = −B̃tt
λ2 = −

m2 cos2 θ 2 
β3
r µ (β1 + 2β2 + β3 ) + µ(β1 + 3β2 + 2β3 ) + µ2 ( + β2 + β3 ) .
1+µ
3

(2.2.102)

Finally, the equation G̃rr = −B̃rr yields
ν20 =


{r(1 + µ)}0  2
2
2
2
m
cos
θ
r
µ
(β1 + 2β2 + β3 ) + 2µ(β1 + 2β2 + β3 ) + µ2 ( β1 + 2β2 + β3 ) .
2
r(1 + µ)
3
(2.2.103)

As anticipated, inserting these results into Eq. (2.2.99) gives an algebraic equation for µ(r). It is of
seventh order, and the spectrum in general consists of a wide range of possible solutions, several of
which allow for physically sound interpretations. For a thorough analysis of the different branches
of solutions, we refer to [72] and references therein. Following this analysis, we will examine the
non-linear regime by choosing the solution
1
µ = − √ + δµ,
β3

with |δµ|  1.

(2.2.104)

Plugging back into (2.2.100) and (2.2.101), we find16
3(β1 + 2β2 + β3 ) − 1
rS
Λeff
rS
√
+ m2 r2 sin2 θ r2
≡ − − r2
r
r
3
6 β3
√
Λ0
(1 + 3(β1 + 2β2 + β3 )) β3 − 3(β2 + β3 )
rS
rS
− m2 r2 sin2 θ r2
≡
+ r2 eff
λ1 =
r
3β3
r
3
ν1 = −

(2.2.105)
(2.2.106)

Note that we were able to regroup the constant terms into two effective cosmological constants, a
result very similar to the standard Schwarzschild solution
of GR. The solutions for ν2 and λ2 can

2
2
be obtained similarly and are found to be O m r .
We stress that these solutions are only valid in the range where µ remains sizeable. We are
now ready to define the Vainshtein radius rV as the characteristic length of the transition between
the non-linear regime and the linear solution, valid at large r. By matching the linear solution,
Eqs. (2.2.94) – (2.2.98), to the non-linear solution at rV , we find C1 ∼ m2 rV3 = rS as well as
C2 ∼ rS . The Vainshtein radius is therefore set to
 r 1/3
S
rV ≡
.
(2.2.107)
m2
Discussion
By examining the field equations of bigravity in a spherically symmetric configuration, we have
found that there indeed exist solutions which offer a split phenomenology. For the metric coupling
to matter, we find a gravitational potential which features the effects of the additional degrees of
freedom (compared to GR) at large distances, given by Eq. (2.2.94); at short scales r  rV , we
have the complementary solution
2 Φ(r) = ν1 = −

Λeff
rS
− r2
.
r
3

(2.2.108)

This concludes the resolution of the vDVZ discontinuity, as evidently, bigravity is able to mimic
the effects of GR at small scales.17 Notice
that we have obtained a correction term which acts like

a cosmological constant of size O m2 . The two sectors of g and g̃ decouple when taking m → 0,
16

17

The results of [72] are reproduced with the parametrisation β1 + 2β2 + β3 7→ 1, β2 + β3 7→ −α and β3 7→ β.
This is equally true for Massive Gravity, see [72].
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upon which we recover two fully independent diffeomorphism symmetries. We therefore expect m
to be a naturally small parameter; this is confirmed by an analysis of the quantum corrections in
Ref. [76]. Note also that we obtain an effective cosmological constant in the short distance regime,
even if we drop all constant terms in the linear solution. Generalising to solutions with asymptotic
dS space, this is precisely the effect of degravitation of the cosmological constant. The astrophysical
and cosmological phenomenology of bigravity will be discussed in the following chapters.

2.3 Phenomenology of Bimetric Gravity
Having reviewed the setup and consistency of its theoretical framework, we will now discuss the
phenomenological implications of bigravity. It introduces several new physical effects, which we are
interested in making use of in order to resolve the known gaps in our understanding of cosmology.
Firstly, we readdress the cosmological constant problem. As discussed in the previous section, the
short and long distance regimes include different effective vacuum energies. Indeed, by including
the contributions of all constant terms, one finds that the large scale solution has a cosmological
constant which can be arbitrarily suppressed by taking cos θ → 0 [74]. One can therefore bring into
agreement that vacuum contributions due to loops and phase transitions do indeed gravitate, and
that on the other hand, cosmological surveys require a much smaller vacuum energy. However, the
same does not apply within the Vainshtein radius – i.e. the cosmological constant problem can only
be solved at large scales. For example, gravity is very well tested within the solar system, which
we can fit inside of rV if we require mg < 5 × 10−25 eV. But there are also tests of Λeff within the
solar system, which limit ρvac < (13.2 eV) [77]. We conclude that if vacuum energy gravitates, there
must be an additional or entirely different mechanism at play. Bimetric gravity or dRGT theory in
the form presented here cannot solve the ‘old’ cosmological constant problem.
Setting aside this drawback, bigravity does however achieve the goal of generating an arbitrarily
small and radiatively stable contribution to the cosmological constant: it accommodates a dark
energy density in the form of the graviton mass. The background cosmology will be studied in more
detail in the following sections.
As the next step, and recalling that at the present time, all evidence for DM is purely gravitational,
one is motivated to examine the different ranges of the bigravity parameter space for a suitable DM
candidate. We briefly summarise these efforts here.
Let us first discuss the scenario where DM consists of the heavy graviton itself. For the case of
a very heavy spin-2 particle, this has been studied in Refs. [78, 79], where a graviton with mg of
order 1 – 66 TeV is found to allow for a suitable CDM candidate. The massive graviton decays into
all known particles with the exception of the massless graviton. The usual bounds on mg do not
apply for such high masses, as no long range force is mediated; due to the size of mg , all Vainshtein
radii are extremely small, and corrections to GR are far suppressed.
On the lower end of the DM mass range, theories have been constructed where DM halos consist
of a condensate of a large number of light particles. For scalar fields, this class of models is known
as Fuzzy cold DM, which has been successfully extended to condensates of massive gravitons within
bigravity [80, 81]. Finally, there is also the possibility of a separate matter sector that couples to
√
the reference metric via −g̃ LDM . Interactions with SM particles occur through the mixing of the
metrics through the dRGT potential. This has been studied in Refs. [82, 83].
Unfortunately, there is one unifying factor among these DM proposals: due to their purely gravitational interactions with the SM, they are unanimously hard to detect. However, future developments
in astrophysical observations may shed more light on these scenarios.
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Outline of the following chapters
In the previous discussion, we have assumed that dark energy and DM are problems which still
need to be addressed in bigravity – i.e. that the cosmology of bigravity does not deviate too much
from ΛCDM. In the following Chapters 3 to 5, we will see how this is the case (in particular, see
Sec. 5.3.2 for a discussion of the cosmological history). We will focus on the aspects of bigravity
which are testable today.
Chapter 3 focusses on the propagation of linear perturbations of both metrics. To this end,
Sec. 3.3.2 discusses a stable cosmological background solution, which is evaluated at late times. On
the level of linear perturbations, we encounter an oscillation phenomenon similar to two-flavour
neutrino oscillations. These gravitational wave oscillations are then used to set competitive bounds
on the bigravity parameter space (θ, mg ) using data from the first observations of the binary black
hole (BBH) mergers.
In Chapter 4, we extend our analysis to a mass range where the spin-2 modes decohere during
propagation. This leads to the possibility of echo events, a striking experimental signature which
could be observed in current and future GW detectors.
We refer to Chapter 5 for an analysis of the cosmology at early and late times. This section
includes an analysis of the concordance model of cosmology and several of its (minor) alternations,
which are compared to bigravity cosmology and conformal gravity, a model which will be introduced
and discussed in detail. We will compare the predictions of these models to several data sets, and
evaluate whether the modified cosmologies improve on the fit of the Hubble function.

3

Gravitational wave oscillations
in Bigravity

This chapter is based on Phys. Rev. Lett. 119, 111101 [1], with Moritz Platscher and Juri Smirnov.

3.1 Synopsis
In this chapter, we derive consistent equations for gravitational wave oscillations in bigravity. We
review how the propagating modes arise as one massless and one massive linear combination of
spin-2 modes. Due to the asymmetric coupling of the two tensors, only one of the two tensors is the
physical metric coupling to matter, and thus the basis in which gravitational waves propagate is
different from the basis where the wave is produced and detected. Therefore, one should expect – in
analogy to neutrino oscillations – to observe an oscillatory behaviour. We show how this behaviour
arises explicitly, discuss phenomenological implications and present limits on the graviton parameter
space in bigravity.

3.2 Introduction
We have introduced the bigravity action in Sec. 2.3 as the non-linear theory of two interacting
metrics. Linearising this theory and rotating to the mass basis (see below) shows that the gravitational interactions are mediated by two gravitons, one massless and one massive. Since the two are
superposition of the physical and the reference metric, their effective coupling to matter is different
and depends on the mixing angle between the metrics. This leads to an oscillation phenomenon,
first mentioned in [84] in a theory of massive gravity and [67] in bigravity. In this chapter we will
study the propagation of gravitational waves (GW) in this bimetric theory which are produced in
the ‘flavour basis’ at the source, namely only as perturbations of the physical metric. Analysing the
wave propagation, we find a close analogy to neutrino oscillations in the wave-packet formalism.
This phenomenon was presented in our study [1] for the first in a consistent approach. Attempts
have been previously made in [85, 86], however only in a specific setting, and leading to an unphysical
result, in particular it was concluded that one tensor mode exhibits super luminal propagation. We
show that in the parameter space we consider physical no such behaviour is found, as one should
expect in a healthy theory. The novelty of our work in the bigravity setup is that we consider
graviton masses corresponding to length scales which can be probed by astrophysical tests, while
the majority of prior works have focused on much smaller graviton masses, i.e. of the order of
the Hubble scale today. This approach makes it possible to confront direct detection data of GW
signals as seen by the LIGO experiment [87] with the oscillation hypothesis for the first time. The
corresponding parameter space of mg = 10−22 − 10−20 eV and comparably large mixing angle θ is
studied, in close resemblance to the effects of pure massive gravity.
This chapter is structured as follows. In Sec. 3.3, we discuss the background Friedmann-LemaîtreRobertson-Walker (FLRW)-like cosmology (3.3.2) at late times, a prerequisite to describe the
e.o.m. of the linearised perturbations.18 Next, we present the phenomenon of GW oscillations (3.3.3),
and finally study the phenomenological implications (3.3.4). We summarize our findings in Sec. 3.4.
18
This is necessary, as it is not a priori established that the background solution must appear locally flat for both
metric objects.
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3.3 Gravitational Wave Oscillations
3.3.1 Production of GWs
Before moving on to describe the cosmological background and its perturbations, we discuss how
the generation of gravitational waves through BBH mergers occurs in this theory. In the allowed
graviton mass range, all astrophysical processes such as solar system observations, binary coalescence, and others take place inside the Vainshtein sphere; e.g. for the masses involved in the binary
black hole (BBH) merger event GW150914, the Vainshtein radius [72] is rV ≈ 8 × 1011 m for
mg = 10−22 eV, much larger than the interaction distance of the merging BHs (∼ 100 − 1000 km)
and their Schwarzschild radii (∼ 10 − 100 km). In this sphere the longitudinal graviton mode is
strongly coupled and the system behaves as in pure GR. This implies that in a merger event, GWs
are produced exactly as in GR, but in bigravity only the linear combination which couples to matter is produced. As in neutrino physics this linear combination is a superposition of two mass
eigenstates, which is coherent owing to the Vainshtein mechanism at production.

3.3.2 Background cosmology
We proceed to calculate the cosmological implications on a static background, following the approach
of [85]. For both g and g̃, we assume as background the FLRW metric with conformal time η,19
ds2 = a(η)2 (−dη 2 + d~x2 ) ,
ds̃2 = b(η)2 (−c̃(η)2 dη 2 + d~x2 ) ,

(3.3.1)

2

dr
2
2
2
2
where d~x = 1−kr
2 + r (dϑ + sin ϑdφ ). The function c̃(η) determines the light cone for the second
metric and will play a role for the propagation speed of the massive gravitational wave excitations.
Plugging this ansatz into Eqs. (5.3.10) and omitting explicit dependencies yields the cosmic
evolution equations,

where


3
ρ(η)
H 2 + k = Λ(y) +
,
2
a
Mg2
 ρ̃(y)
3
J 2 /c̃2 + k =
,
2
b
Mg̃2


Λ(y) ≡ m2 sin2 θ β0 + 3β1 y + 3β2 y 2 + β3 y 3 ,


ρ̃(y) ≡ Mg̃2 m2 cos2 θ β1 y −3 + 3β2 y −2 + 3β3 y −1 + β4 .

(3.3.2a)
(3.3.2b)

(3.3.3)
(3.3.4)

Here, a prime denotes a derivative by η, y = b/a, and H = a0 /a as well as J = b0 /b are the Hubble
parameters for both metrics in conformal time.
Moreover, Eqs. (2.2.82) imply that ρ0 (η) = −3H(1 + ω)ρ(η) and


(3.3.5)
(c̃H − J) β1 y + 2β2 y 2 + β3 y 3 = 0,
{z
}
|
≡Γ(y)

for a perfect fluid with equation of state P = ωρ. It has been shown that only the vanishing of the
round brackets yields a physically meaningful solution, as in the other case the graviton mass turns
out to be zero. Thus, the missing degree of freedom will re-enter only at the non-perturbative level
in the form of a ghost [65]. Thus, we find J(η) = c̃(η)H(η).
19
The reference metric g̃ could, in principle, contain an off-diagonal term D(η) dr dη; however, explicit calculations
show that physically meaningful solutions always imply D = 0. [66] Thus, we disregard such a term altogether.
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Using this result, we can derive an algebraic equation for y, by subtracting Eq. (3.3.2a) from
Eq. (3.3.2b),
β1 cos2 θy −1 + (3β2 cos2 θ − β0 sin2 θ)+
+(3β3 cos2 θ − 3β1 sin2 θ)y+

ρ
+(β4 cos θ − 3β2 sin θ)y − β3 sin θy = 2 2 .
Mg m
2

2

2

2

(3.3.6)

3

By assumption, ρ is the density of a perfect fluid with ω ≥ −1, which behaves as [65]

1
if ω = −1,
ρ(η) = ρ0  a(η) −3(1+ω)

if ω > −1,
a(η0 )

(3.3.7)

such that any fluid of type ω > −1 is diluted, i.e. ρ → 0 for η → ∞. It is in fact sufficient to
consider such densities, since any CC type of energy density may be included in the interaction
terms of the bigravity theory.
In this limit, we denote the solution of Eq. (3.3.6) as y∗ . An exact expression is in principle
feasible, however not very enlightening. Therefore, and since we are interested in late times, we
linearise Eq. (3.3.6) around y∗ and obtain for y = y∗ + δy,
δy(η) = −

y∗3
ρ(η)
3m2 Mg2 Γ∗ (cos2 θ + y 2 sin2 θ) − 2
∗

ρ̃∗ y∗4
3m2 Mg̃2

,

(3.3.8)

with the short-hand notation Γ∗ = Γ(y∗ ) and ρ̃∗ = ρ̃(y∗ ).
This manipulation allows us to rewrite Eq. (3.3.2a) as
ρ(η)
1
a(η)−2 (H(η)2 + k) = Λ∗ +
2
3
3MPl

(3.3.9)

with the physical CC Λ∗ = Λ(y∗ ) and Planck mass,
2
= Mg2
MPl

cos2 θ + y∗2 sin2 θ −
cos2 θ −

2ρ̃∗ y∗4
3m2 Mg̃2 Γ∗

2ρ̃∗ y∗4
3m2 Mg̃2 Γ∗

(3.3.10)

,


which approaches Mg2 1 + y∗2 tan2 θ , as ρ̃∗ → 0, in agreement with [85, 86].
0
Finally, we may use that y 0 = ab = y(J − H) and J = c̃ H to find that,
y0
δy 0
'1+
yH
y∗ H
ρ(η)
'1 − (1 + ω) 2
2
m Γ∗ MPl

c̃(η) =1 +

y∗2
2ρ̃∗ y∗4
3m2 Mg̃2 Γ∗

− cos2 θ

.

(3.3.11)

Note that c̃ can be both larger or less than 1, depending on the choice of the parameters βi . However,
c̃ > 1 would introduce GWs propagating with a speed larger than the speed of light and thus we
disregard the parameter region leading to this behaviour.
As evident from Eq. (3.3.11), we can take c̃ = 1 to a good approximation. This motivates the
limit where y takes the constant value y∗ , which we apply in the following.
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3.3.3 Linear perturbations
We perturb both metrics about an FLRW-like background with conformal time η, [65, 66]
ds2 ≡ gµν dxµ dxν = a(η)2 (−dη 2 + d~x2 ) ,

ds̃2 ≡ g̃µν dxµ dxν = b(η)2 (−c̃(η)2 dη 2 + d~x2 ) ,

by splitting the tensors into the background and a (small) perturbation, [88]


hµν (x, η)
2
,
gµν = a (η) ηµν +
Mg
!
h̃
(x,
η)
µν
g̃µν = b2 (η) ηµν +
.
Mg̃

(3.3.12)

(3.3.13)

We now choose a transverse traceless gauge for both metrics,20 which leaves two helicity-2 exci1
tations for each metric.21 The calculation is furthermore simplified by noting that a(η) = 1+z
=
1 + O(.1) ≈ const for the distances of interest, e.g. of the event GW150914 with z ≈ 0.09. The
potential in (2.2.78), to quadratic order, reads
Z
 h̃
2
m2 Meff
hµν 2
µν
(2)
(3.3.14)
d4 x
SBi ⊃
a4 y∗ Γ∗
−
8
Mg̃
Mg

where we have defined Γ∗ ≡ (β1 + 2y∗ β2 + y∗2 β3 ), which is exactly the combination of parameters
which arises in the cosmological solution within bigravity [1, 65, 66]. By recalling that we define
eff
sin θ ≡ M
Mg , we are able to absorb the constant value of y∗ into a redefinition of θ.
The equations of motion of linearised bigravity in transverse traceless gauge are derived from
Eq. (3.3.14) [88],


m2
h00 + k 2 h +
Γ∗ a4 sin θ sin θ h − cos θ h̃ = 0 ,
(3.3.15a)
2


m2
Γ∗ a4 cos θ cos θ h̃ − sin θ h = 0 ,
(3.3.15b)
h̃00 + k 2 h̃ +
2
where the polarisation index h×,+ has been omitted, and k = |~k| denotes the three-momentum. We
diagonalise the equations of motion with the field redefinition22

 
 
h
h1
cos θ sin θ
≡
h2
− sin θ cos θ
h̃

(3.3.16)

which yields the equations of motion in the mass basis,

h001 + k 2 h1 = 0 ,

(3.3.17a)

m2g
h2 = 0 ,
2

(3.3.17b)

h002 + k 2 h2 + a4

where we have defined the physical graviton mass m2g = m2 Γ∗ . By inverting (3.3.16), we obtain
the composition of eigenstates of matter basis gravitons in terms of the mass eigenstates,
h(k, t) = cos θ h1 − sin θ h2 ,

h̃(k, t) = sin θ h1 + cos θ h2 .
20

(3.3.18a)
(3.3.18b)

In fact, the transverse traceless condition is always satisfied for the purely massive mode, since it is a gauge
invariant quantity. [89]
21
We can ignore the helicity-1 modes (as they do not couple to the energy-momentum tensor) and scalar modes
(which are screened due to the Vainshtein effect [32]).
22
Note that the redefinition is a simple rotation because the fields h, h̃ have been normalised canonically, different
to Refs. [1, 66].
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We observe that Eqs. (3.3.17) correctly comprise one massless and one massive propagating tensor
perturbation. Approximating the scale factor by a = 1, we can solve these equations and rotate
back to the physical basis,
q

h(t, k) = cos2 θ exp (ikt) + sin2 θ exp i k 2 + m2g t ,
(3.3.19a)
q


i

h̃(t, k) = sin θ cos θ exp (ikt) − exp i k 2 + m2g t ,
(3.3.19b)

where he have normalised s.t. h(0, k) = 1 and h̃(0, k) = 0, and η has been replaced by cosmic time
t as per a = 1.
Since the graviton
mass is restricted to be much smaller than the typical wave number k, we
q


2
may expand k + m2g ' k 1 + m2g /(2k 2 ) ≡ ω0 + δω. We see that the function in Eq. (3.3.19a) is
minimized when the second cosine acquires a total phase shift of δω T∗ π, and thus,
T∗ (ω0 ) =

2π ω0
,
m2g

(3.3.20)

which coincides with the expression for the oscillation length for neutrinos, confirming our naïve
expectation.
In order to make a quantitative statement about the modulation of the strain observed in GW
observations, we average this expression over a timescale T , which is bigger than the period of one
massless mode’s inverse frequency, T0 = ω2π0 , but much smaller than the period of the modulation
π
induced by the mass term, T∗ = δω
. Squaring the strain, we find the envelope function


h2 (t, k) T0 T T∗ = cos4 θ 1 + 2 tan2 θ cos(δω T ) + tan4 θ ,
(3.3.21)
where the normalization is determined by the condition h2 (t, k) T =0 = 1, i.e. initially a pure
perturbation of the physical metric has been excited.
Finally, we aim to express the strain in terms of the cosmic redshift z, which is defined as
1 + z = a(t0 )/a(t). For a universe dominated by a CC, we find that H = const. and a(t) = eHt .
We therefore express the time as,23
t=−

1
log(1 + z).
H

In summary, the squared amplitude of the GW signal in bigravity is modulated as



δω
2
4
4
2
h (t, k) T0 T T∗ = cos θ 1 + tan θ + 2 tan θ cos
log(1 + z) .
H

(3.3.22)

(3.3.23)

At this point, we would like to point out that the phenomenon has previously been studied in [85, 86],
where the authors find a modulation that is proportional to c̃−1. As we will outline in the following,
this is not the leading effect in our analysis, where oscillations occur also in flat space. Furthermore,
we find that the phenomenon leads to a reduction of the amplitude compared to GR, as expected
from neutrino oscillations. Both are physically sensible outcomes.

23
Note that we have reinstated a(t) 6= const. in conflict with the condition a = 1 used in the analytic derivation
of Eq. (3.3.21). Thus Eq. (3.3.23) is only a valid approximation for small z.
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Figure 3.1: Bigravity vs. GR: simulated strain in the detector due to gravitational waves as emitted by
the black hole merger event GW150914, as observed by LIGO. The dashed orange curve shows
the results in GR, while the solid blue curve is obtained by multiplying with the frequencydependent modulation due to bigravity. Note the constant suppression in panel (b).

3.3.4 Phenomenology
Given that we have reached a quantitative understanding of GW oscillations in terms of the modulation (3.3.23), we now ask whether this effect is visible in realistic scenarios. To this end, we have
made use of the available data for the events GW150914 [90] and GW151226 [91] obtained by means
of numerical simulations [92–103]. This yields the strain as it would be observed in a detector on
Earth. We then modulate the strain according to Eq. (3.3.23). Two such examples for GW150914
are shown in Fig. 3.1, where the parameters are chosen such that one obtains a maximally visible
effect, i.e. θ = π/4. One observes that a graviton mass of mg = 10−22 eV strongly changes the
shape of the signal, where the modulation is at first strongly suppressing the amplitude and then
gradually approaching the GR amplitude towards the typical merger peak, commonly referred to
as chirp. On the other hand, a larger graviton mass mg = 10−19 eV leads to a global suppression of
the amplitude by a constant factor. This effect is similar to the decoherence of oscillating neutrino
wave packets and we will now briefly discuss this effect.
The massive and the massless modes propagate in wave packets with different group velocities
vg = ∂ω
∂k . As for very light, relativistic neutrinos, the difference of group velocities is approximately
m2

given by ∆vg ' 2Eg2 . The wave packets will de-cohere, i.e. interference will be absent and the
frequency dependence of the suppression is lost in favour of a constant reduction, once the time of
propagation exceeds Tcoh = Lcoh /c, given by [104]
(3.3.24)

Tcoh ∆vg ∼ σx ,

where σx is the spatial/temporal width of the wave packet. Since its determination would involve
an exact solution of the full set of Einstein equations for the system, it will be practically impossible
to obtain σx . However, from the shape of the signal, we estimate that σx ∼ 0.1 s. Therefore, we
find that for E/~ ∼ 100 Hz,
Lcoh

2E 2
∼ 0.1 s
=
m2g



10−21 eV
mg

2

Gpc .

(3.3.25)

This rather heuristic argument is nevertheless in good agreement with Fig. 3.2, where for mg =
10−22 eV no averaging is observable at distances of the order 100 Mpc, while for mg = 5 · 10−22 eV,
or even mg = 10−19 eV, the amplitude levels out for distances below the Gpc scale.
Once the distance increases beyond the scale set by Lcoh , the strain suppression relative to the
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Figure 3.2: Average suppression of a GW150914-like strain as a function of the redshift for different sets of
the parameters mg and θ. Note that, in the left panel, for large mg and redshift the suppression
levels out at ∼ 64% as discussed in the main text. The right panel illustrates that the mixing
angle θ determines the average level of reduction of the strain relative to GR at large distances.

prediction of General Relativity caused by oscillations levels out. E.g. for θ = π/4 we find
+
*r
2
1
= ,
[1 + cos (δω t)]
(3.3.26)
hh(t, k)iT Tcoh =
2
π
T Tcoh

which predicts a suppression factor constant in frequency and distance of about 64 % at large
redshifts, which is clearly confirmed in Fig. 3.2.
Note that higher graviton masses lead to shorter length scales before the amplitude averages out,
in complete analogy to neutrino oscillations. In practice, such a frequency-independent suppression
is indistinguishable from ordinary GW of General Relativity and would be interpreted as a larger
redshift, i.e. one would generally overestimate the redshift on such BBH merger events. If a larger
set of events becomes available, this can be used to constrain the larger-graviton mass regime by
comparing expected distribution of BBH systems with the observed event rates.
For the low-mass regime, we can constrain the parameters of the model by demanding that the
waveform be in agreement with the error bars of the observed events. We have used a simple χ2 analysis to obtain Fig. 3.3. This categorizes the effect of bigravity into three classes. For very small
mg , or θ ≈ 0 or π/2, the suppression vanishes. Alternatively, if the distance lies beyond the scale of
coherence, Lcoh , the suppression is constant in frequency and any event is indistinguishable from an
equivalent event within pure GR at larger z. From the remaining events, where the waveform of the
bigravity-suppressed strain is clearly distinguishable from the GR strain, we draw our conclusions
on the excluded parameter space. From Fig. 3.3 we find that, first of all, the event GW150914 gives
stronger constraints than the second event GW151226. But even with only one observation, we find
that for large enough mixing angles we may exclude values of mg & 10−22 eV, comparable to the
bounds set by GW150914 via a modified dispersion relation [87]. Note that the bounds from the
dispersion relation are derived in pure massive gravity and have to be compared to our framework
setting θ = π/2. We have adopted this bound, which reads 7.2 · 10−23 eV [105], to the present case
by multiplying the mass with a factor sin θ to account for the bigravity modification of the classical
Newtonian potential, see e.g. [74]. We find that GW oscillations give stronger constraints for smaller
mixing angles, where the bound from local gravity tests quickly becomes weaker.24 We conclude
24

The bound is derived from the modified Newtonian potential and only applies up to mg ≈ 10−3 eV, as for larger
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Figure 3.3: Excluded parameter space due to a simplified wave form analysis as discussed in the main text.
Note that massive gravity is recovered for θ = π/2, from which we apply model independent
mass bounds.

that with more events available and higher precision, GW oscillations offer excellent prospects to
probe the bigravity parameter space.

3.4 Conclusions
We have studied the oscillatory behaviour of gravitational waves in the framework of bigravity,
where one massive and one massless mode propagate. In full analogy to neutrino oscillations,
we have seen that a non-diagonal coupling of the two modes to matter gives rise to potentially
significant modulations of the strain that would be observable e.g. in the LIGO or LISA detectors.
Using the first ever detected gravitational wave signals GW150914 and GW151226, we illustrated
that the bigravity modification of General Relativity can lead to drastic modulations of the strain
compared to the predictions of Einstein gravity. Using this, we have constrained the parameter
space of the model in the low-mass regime, and pointed out that, once more events are available,
the high-mass regime can be constrained, too.
In the derivation presented here, we have made several approximations and assumptions in order
to be able to give compact analytic expressions that allow the reader to understand the mechanisms
behind gravitational wave oscillations. Nevertheless, the fully general results are straightforwardly
obtained by following our approach such that future analyses may directly use the results of this
work.

masses the graviton can be integrated out and comprises just a new spin two field weakly coupled to matter.

4

Decoherence of Gravitational Wave
Oscillations in Bigravity

This chapter is based on Phys. Rev. D97 (2018) no. 6, 064009 [2], with Moritz Platscher and Juri
Smirnov.

4.1 Synopsis
Following up on the study presented in Chapter 3, we consider the regime of graviton masses
and gravitational wave propagation distances at which decoherence of the wave packets plays a
major role for phenomenology. This regime is of particular interest, as it can lead to very striking
phenomena of echo events in the gravitational waves coming from coalescence events. The power
of the experimental search in this case lies in the fact that it becomes sensitive to a large range of
graviton masses, while not relying on a specific production mechanism. We are thus able to place
new relevant limits on the parameter space of the graviton mixing angle.

4.2 Introduction
When a GW propagates through space, the effect discussed in Chapter 3 takes place while the waves
are still coherent: as long as the condition dL ≈ Lcoh is satisfied [where dL is the luminosity distance
and the coherence length Lcoh is defined in Eq. (4.3.1)], the oscillation can have a detectable effect
on the GW signal shape and thus is distinguishable from GR. For the details of the modified shape
analysis, we refer to Chapter 3. If, however, dL > Lcoh , the wave packets decohere, i.e. the spatial
distance between the propagating mass eigenstates is larger than the sizes of the corresponding
wave packets. Consequently, a GW detector sees only an overall reduction of the strain compared
to GR, and a second signal may appear. This effect is the main purpose of this work: We discuss
how it can be used to falsify or verify the existence of GW oscillations on the basis of a (large)
number of BBH merger observations.
With current observations, we show that we are able to probe the parameter range mg & 10−22 eV
and small mixing angle. For a comprehensive reference of graviton mass studies, see [105]. Therein,
the most stringent model-independent bound is mbound ≤ 7.2 × 10−23 eV, found from solar system
tests. Note however that this probes only the pure massive gravity case, i.e. bigravity with θ = π/2.
This chapter is structured as follows. In Sec. 4.3, we give a summary of the decoherence regime
of propagating GWs in bigravity. A detailed discussion of the observable effects is given in Sec. 4.4,
where we analyse the modified BBH merger rate and possible echo signals. We summarise our
results in Sec. 4.5 and put them into perspective with complementary studies.

4.3 Decoherence of Gravitational waves
Assuming the GW waveform can be modelled as a wave packet, it is sufficient to know the plane
wave solution to the equations of motion; the travelling wave packets are then superpositions of
plane waves. The GWs are generated via the coupling of h to matter, and subsequently propagate
as the mass eigenstates h1 and h2 . These will decohere if the flight length exceeds the coherence
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length
Lcoh

2E 2
≈ 0.1 s
=
m2g



10−21 eV
mg

2

Gpc ,

(4.3.1)

e.g. for a plane wave of E = 25 hz and distance 100 Mpc, if the mass exceeds mg & 6 × 10−22 eV.
We recall the plane wave solutions of (3.3.19),
h1 (k, t) ∝ exp(k t) ,


q
m2g  
t ,
h2 (k, t) ∝ exp
k 2 + m2g t ≈ exp k +
2k

(4.3.2a)
(4.3.2b)

where the massive mode propagates as two superimposed oscillations, the plane wave frequency
m2
ω0 ≡ k and the modulation frequency δω ≡ 2kg , valid if ω0  δω. By means of Eq. (3.3.18), we can
now go back to the matter coupling basis and study oscillations, as was done in Sec. 3.3.4. However,
we now pursue a different path: we are now interested in the regime where L  Lcoh .
In the decoherent regime, these two waves propagate completely independently. The detector
response is determined by their overlap with the physical metric, given by (3.3.18):
(4.3.3a)

ha (k, t) = cos2 θ cos(kt) ,
hb (k, t) = sin2 θ cos (k +

m2g
2k


)t ,

(4.3.3b)

where we have normalised such that h(k, 0) = 1 (h0 (k, 0) = 0) and h̃(k, 0) = 0. We stress that
ha and hb are two independent perturbations of the physical metric gµν . We average out the fast
oscillations by integrating over their period T0 = 2π/k and obtain the suppression factors of the
decohered graviton wave packets:
hha i = cos2 θ ,

hhb i = sin2 θ .

(4.3.4)

Note that this is different to the case discussed in Chapter 3, where the interference between h1
and h2 causes a time-dependent modulation of the amplitude.
The results of this section are the suppression factors Eq. (4.3.4) of a GW wave packet. This is
only valid in the parameter region where the GWs decohere, i.e., when the luminosity distance of
the event exceeds the coherence length Eq. (4.3.1) for all frequency modes. If the mixing angle θ
is non-zero (which recovers GR) and not equal to π/2 (corresponding to pure massive gravity), a
detector of GWs will see two events of approximately the same waveform separated in time, but
with their amplitudes rescaled according to Eq. (4.3.4). Note that the waveform corresponding to
the massive mode obeys a frequency dependent dispersion in time.
This allows us to probe the parameter space of bigravity where one has a larger mass mg than
relevant for GW oscillations, and small angle θ. This is the subject of the following section.

4.4 Phenomenology and results
In current GW detection measurements (such as those of the LIGO/Virgo network), the luminosity
distance,
Z
dL (z) = c (1 + z)

H(z 0 )−1 dz 0 ,

(4.4.1)

of a BBH merger event is inferred solely from the amplitude of the strain, as it scales as h ∝
1/dL [106]. In the decoherence regime of bigravity, the strain will suffer a frequency-independent
suppression with respect to GR. Without any other means to measure the distance, an event at
actual redshift z will therefore be misinterpreted (assuming GR as the base model) to stem from
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an observed redshift zobs , with zobs > z. Additionally, the secondary gravitational wave with
rescaled amplitude could be seen. We assume in the following the physical graviton to be composed
mostly of the massless mode, i.e. small θ; this means that the wave corresponding to the massless
m=0 & z; the subsequent strain of the massive graviton will be interpreted as
graviton arrives with zobs
m6=0
m=0
zobs > zobs . If measurements are sensitive to both signals, one can look for echoed signals arriving
shortly after the primary GW signal. Otherwise, a reduction and/or enhancement of the merger
rates is expected, i.e. when one signal isn’t seen or both are seen but interpreted as independent
events. We will now discuss the two possible interpretations of decoherence in more detail.
Interpretation as independent events Let us first take the point of view that the second event
is not identified to originate from the same source, or is not seen at all. In this case we will observe
a different merger rate than expected in pure GR. Our procedure to quantify this statement is as
follows.
First, we must express the number of events per year expected at a given redshift. Following
Ref. [107], we define the differential BBH merger rate
dN
c
= 4π R χ(z)2 (1 + z)(Rb −1)
,
dz
H(z)

(4.4.2)

where χ(z) is the comoving distance, Rb parametrises the redshift-dependence of the merger rate,
apart from the expansion of the Universe, and R is the (constant) BBH merger rate density. The
above reference finds a best-fit point near Rb = 2, which we will assume in the following. Note that
the fit cannot accommodate redshifts z & 10. [107]
The rate density of BBH mergers can be estimated from the events observed by LIGO/Virgo
3
−1
during the O1 run [108] to be R = 55 +103
−41 (Gpc yr) . We expect the rather large errors of this
number to decrease significantly in the near future, as LIGO/Virgo collect more data; in [107], it
is shown that the merger rate may improve up to < 10% accuracy within a few years of advanced
LIGO measurements at design sensitivity.
Using Eq. (4.4.2) we estimate the rate of observable events. Recent GW detections have reached
distances about z ≈ 0.1. Taking this as the current experimental sensitivity translates to 20+37
−15
observable events per year. This may increase by a factor 103 once advanced LIGO reaches its
design sensitivity up to z ≈ 1 [109].
Requiring that the luminosity distance exceeds the coherence length Eq. (4.3.1) leads to a lower
bound on mg . On the other hand, graviton mass bounds from other observations impose the
condition mg sin θ ≤ mbound , where mbound is obtained e.g. from tests of a modified dispersion
relation or modified Newtonian potential of gravity. Combining these bounds, we obtain a minimum
distance between BBH merger and observer for decoherence,
2 σx c E 2
sin2 θ
m2bound

2

2
σx
E
7.2 × 10−23 eV
= 1.62 Gpc
sin2 θ .
100 hz 0.1 s
mbound

(4.4.3)

cos2 θ/dL (z) = 1/dL (zobs ) ,

(4.4.4)

dL &

Note that this condition is necessary but not sufficient for decoherence to occur. We employ the
bound mbound = 7.2 × 10−23 eV from solar system tests [105], which is the most stringent,
model-independent bound available.
We now consider a BBH merger event at true redshift z. Given the suppression factor for the
physical metric g, we determine the interpreted redshift zobs by solving the equation

which is found from the fact that h ∝ 1/dL (z). In the next step, we calculate the observed merger
rate dN
for a given redshift. The results are summarised in Fig. 4.1. Note two important
dz z=z
obs
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Figure 4.1: Independent events. Annual rates of BBH merger events for different observed redshifts zobs . Bigravity in the decohered regime shifts the number of events towards higher zobs . Rates are normalised to the GR expectation for different mixing angles, based on the BBH merger rate mea3
−1
sured to be R = 55 +103
and the projected rate with 10% accuracy. [107, 108] The
−41 (Gpc yr)
rates are calculated using mg = mbound sin θ with the upper bound mbound = 7.2 × 10−23 eV.
Coloured regions indicate the errors and the fading the crossing from the coherent regime to
decoherence. At present, all values of the mixing angles are consistent with 1, i.e. the GR
prediction.

features: first, we have also included the (current and projected) errors on the merger rate density
as estimated by LIGO/Virgo. This is indicated by the coloured bands in Fig. 4.1. Secondly, we
have included the effect that decoherence requires events to occur at a certain distance/redshift zmin
which is a function of the mixing angle, cf. Eq. (4.4.3). This is represented by the dashed vertical
lines. As it is an order-of-magnitude criterion, the bands fade out below zmin .
Normalised to the rate predicted in GR, we find that small redshift events are more scarce than
in GR (ratio < 1), while large redshift events appear to be more abundant (ratio > 1). Clearly, the
observation of an echoed waveform would be a striking signature for observations, and one would
naturally assume the two consecutive detections to be correlated. However, the current analysis
equally applies to the low-z range: if the echoed signal is lost in detector noise, one may still observe
too few events compared to the prediction at lower z. In other words, the echo event’s observed
redshift is simply beyond the detector reach. This is the power of the present approach: we do
not require a correlation of two events and/or a measured time difference between them (which
would depend on the parameters of the binary system). For a desired sensitivity, a sufficiently large
number of events at different redshifts has to be observed, in order to draw conclusions on the
merger rate density and thereby on the bigravity parameter space.
In conclusion, no restrictions arise from this analysis at present, since all mixing angles are
consistent with the annual merger rate predicted in GR (ratios consistent with 1). However, Fig. 4.1b
shows that in the future, with a 10% uncertainty on the merger rate, one can clearly distinguish
the cases with large mixing angles θ & π/16 from the GR predicted merger rate.
Interpretation as echoed events If the parameters of bigravity lie in the decoherence regime
for astrophysical distances, an initial wave packet of a GW event will split into two waveforms. The
waveform corresponding to the massless modes arrives first and is simply the GR waveform rescaled
by cos2 θ. The waveform composed of massive modes is distorted due to the frequency-dependence
of the time delay ∆t ∝ 1/E 2 . The LIGO-Virgo detector network should then see a distinctive signal
of two separated events with a time separation of the order of seconds.
The rescaling of the separated wave packets is given by Eq. (4.3.4). Requiring that the secondary
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Figure 4.2: Echoed Events. Left: Suppression factor Eq. (4.3.4) of a travelling GW for varying mixing
angle θ in the decohered parameter regime. Requiring the secondary waveform to be lost in
detector noise excludes a large parameter range (shaded area). Right: Excluded parameter
range for all available GW events published by LIGO/Virgo (blue: black hole mergers, orange:
neutron star merger). [106, 110–114] The fading indicates the onset of the decoherence regime
(Lcoh < dL < 10 × Lcoh ). Also shown is the bound mg ≤ sin θ × 7.2 × 10−23 eV from solar
system tests [105].

signal (due to the massive mode, if bigravity is mostly massless, or vice versa) is not observed due
to the finite signal-to-noise ratio (SNR) of the detectors, we can set a limit on the bigravity mixing
angle θ, assuming that mg is such that the wave packets are fully separated. The highest SNR so
far achieved stems from the neutron star merger observation GW170817, with a combined SNR of
π
, while for a mostly-massive
32.4. [115] For the mostly-massless scenario, this restricts θ . 0.18 ≈ 16
7π
graviton θ & 1.39 ≈ 16 is required, see Fig. 4.2a.
Recall however that the bound only applies if dL > Lcoh is satisfied. Under this constraint,
the bounds on the parameter space (θ, mg ) are summarised in Fig. 4.2b for all GW events observed
so far. Once more, the fading indicates the transition into the decoherence regime. We find that
even though the most stringent bound on θ is obtained from the high SNR of GW170817 (orange),
the large temporal width O(60 s) of this signal requires a large mg in order for the wave packets to
separate sufficiently; the bound is thus overlapped by the local gravity bound. Better results are
achieved from the BBH merger observations, which are of shorter durations O(1 s) (blue).
Finally, we comment on the search for said echoed signals with LIGO/Virgo. The time separation
of the two events is given by (4.3.1), requiring the event separation ∆t to be of order of the signal
width σx . For currently probed distances and graviton masses in the decohered regime which are
not excluded by observations, this translates into ∆t = O(0.1 − 1 s).
We thus propose a template search: for every detected GW event, one should investigate the
region of a few seconds about the triggering signal and look for an echoed event. The waveform of
the secondary strain is fully determined by the triggering waveform and the dispersion relation of
massive gravitons. A complete analysis of the modified observational signature is however beyond
the reach of this study.
Finally, we wish to point out that such echo signals have recently been proposed in the context
of exotic compact objects, which mimic black holes at large distances, but modify the near-horizon
physics, see e.g. [116, 117] and references therein for realisations. In these cases the horizon of
the black hole is replaced with a reflective surface, such that part of the GW signal is reflected.
In contrast to our proposal, these echo signals would not only entail one (or N − 1 in the case
of N -metric gravity [54]), but infinitely many echoes, with decreasing amplitude. Furthermore, if
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an echo is created due to decoherence, the time difference to the initial signal must grow with the
distance of the merger.
However, a recent claim that such echoes are in fact seen by LIGO/Virgo [118–120] is under
debate [121, 122] in the literature. It is therefore too early to make any claims in this direction. We may tentatively note, however, that the ∆t obtained in [120] fits the above scenario for
mg = 10−22 − 10−23 eV.

4.5 Conclusions
We have discussed the decoherence regime of gravitational wave oscillations in the framework of
our previous analysis in Ref. [1]. In short, the two propagating wave packets, massive and massless,
will no longer overlap spatially in this regime, and two signals can in principle be seen in the GW
detector. We find that two possible interpretations are feasible. One, where the second event is
interpreted as an independent event, and another, where the second event is treated as an echo of
the first event.
In the former case, we find no further constraints on the parameter space of bigravity, assuming
otherwise only solar system tests. With more events and better precision, this will significantly improve over the forthcoming years when more events are available and the uncertainty on the annual
merger rate decreases. In the latter interpretation, on the other hand, we find a phenomenological
bound θ . π/16 for the mostly-massless and θ & 7π/16 for the mostly-massive scenario, assuming
a large enough mg , such that the corresponding wave packets are non-overlapping.
Finally, we comment on the possibility of having both GW and optical signals, as was the case
for the neutron star binary merger GW170817. [115] Such an event is in principal very appealing
because it could allows a direct comparison of the speed of the GW and the optical signal. However,
at present, no reliable estimate for the different emission times is available, and thus only model
dependent constraints arise: It is commonly assumed that the optical signal in the form of a
gamma-ray burst (GRB) is emitted within a few 100 ms of the GW chirp. Albeit, for GW170817,
the GRB was observed 1.7 s after the GW chirp. Instead of a modified dispersion relation, this could
simply indicate that the optical signal was delayed by ejected material, see [123] for a mechanism
that delays the GRB by more than O(103 s). The present analysis stays agnostic to such modeldependent production/emission mechanisms and thus puts more general bounds on the parameter
space of bigravity based on the propagation of the GWs only.
We conclude with the proposal of a template search, where one searches the observational data
for a secondary waveform of a detected GW event, separated by up to a few seconds. The triggering
event can be searched for with the current analysis methods, as it is only a rescaled version of the
strain predicted by GR. This provides a clear signature for bigravity in the decoherent regime, and,
while current claims of observations are under debate, the search method has been proposed in the
literature and is readily applied to our scenario.

5

Probing Alternative Cosmologies
Through the Inverse Distance Ladder

This chapter is based on JCAP 10 (2020) 040 [3], with Manfred Lindner, Moritz Platscher, and
Jonas Rezacek.

5.1 Synopsis
In this chapter, we study the implications of a combined analysis of cosmic standard candles and
standard rulers on the viability of cosmological models beyond the cosmological concordance model
ΛCDM. To this end, we employ well-established data in the form of the joint light-curve analysis
supernova compilation, baryon acoustic oscillations, and cosmic microwave background data on the
one hand, and a recently proposed set of quasars as objects of known brightness on the other hand.
The advantage of including the latter is that they extend the local distance measures to redshifts
which have previously been out of reach and we investigate how this allows one to test cosmologies
beyond ΛCDM. While there exist various studies on parametric extensions of ΛCDM, we present
here a comparative study of both parametric and fundamental extensions of the standard cosmology.
In order to keep the scope of this work contained, we focus on two particular modifications: One is
the consistent theory of two interacting spin-2 objects, bigravity, as introduced in Chapter 2. The
other is conformal gravity, a theory of gravity that has no knowledge of fundamental length scales.
The former of the two constitutes a veritable extension of General Relativity, given that it adds
to the metric tensor of gravity a second dynamical tensor field. As advertised in Sec. 2.3, we will
see how the resulting dynamics can incorporate self-accelerating cosmologies. Conformal gravity on
the other hand is a much more drastic change of the underlying gravitational theory. Its ignorance
towards fundamental length scales offers a completely different approach to the origin of late time
acceleration. In this sense, both models offer – in one way or another – an explanation for the
dark energy problem. We perform a combined cosmological fit which provides strong constraints
on these extensions. We also briefly comment on the implications of the long-standing H0 -tension.

5.2 Introduction
As we have argued in Chapter 1, given the prevailing absence of (pure) particle physics beyond
the SM, it is a timely question to ask if and how well BSM theories at the intersection of particle
and gravitational physics can address the open questions of Dark Matter and Dark Energy. In
this chapter, we approach this topical divide from the gravitational viewpoint. We wish to help
bridge the gap between parametrised physics beyond standard cosmology and fundamental models,
building upon some previous analyses that have studied such modifications in isolation, such as
f (R) [124–128] and f (T ) gravity [129–131], Brans-Dicke gravity [132, 133], Galileons and Horndeski gravity [134–137], Quintessence [138], some combinations of these [139], and even non-local
gravity [140–142] to name only a few recent examples. Our aim is to deliver a blueprint to study
fundamental modifications of the gravitational sector, and choose among the theories the one that
best explains the data. In this we rely on statistical methods and available cosmological and astrophysical data sets, which we apply to ΛCDM and some of its parametrised extensions, as well as
two fundamental cosmologies.
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The data sets under consideration include the well-known Supernovae (SNe) type-I data that
first hinted at the accelerated expansion of the universe at late times and thus manifested the
dark energy problem in the late 1990s [27, 28]. We also include data from quasar surveys which
have only recently been shown to serve as standard candles, however, tracing the expansion of the
universe to much larger redshift than SNe [143, 144]. Very recently, these were used to obtain new
constraints on the standard cosmological model in Ref. [145]. Furthermore, we use data from galaxy
and Lyman-α (Lyα) surveys that extract from the clustering of matter the scale of baryon acoustic
oscillations (BAO) in the early universe. Finally, this sample is enhanced by the measurement of the
acoustic scale from the CMB by the Planck Collaboration [29]. In using these data sets we employ
the so-called inverse distance ladder method, meaning that we calibrate the (unknown) absolute
magnitude of the standard candles via cosmic standard rulers, see e.g. Refs. [146–148] for similar
studies.
As for the models, we compare parametric extensions of the concordance model to models which
are constructed from a symmetry or particle content point-of-view; i.e. we study bigravitational cosmologies, and moreover conformal gravity (CG) cosmology. For this analysis, we have chosen these
two models because they are sufficiently complementary in their construction and phenomenology
and will allow us to exemplify the usefulness of cosmological data applied to microscopic models. At
the same time, both models are apt to address the problem associated with late-time acceleration,
i.e. the identity of DE.
The theory of bimetric gravity has been introduced and amply discussed in the previous chapters. In this chapter, we will complement the previous analyses with a detailed description of its
cosmological history. As opposed to Chapters 3 and 4, where the oscillation phenomena allowed us
to probe graviton masses of order mg ∼ 10−22 eV, we will now focus on parameter ranges which
enable self late-time acceleration. If the mass is of order of the Hubble rate today, not only can this
parametrise the late-time acceleration, but also stabilize it against radiative corrections. In this
case, the CC problem is reduced to the question why the vacuum energy of the matter Lagrangian
does not yield large corrections to the CC (even if degravitation plays a role – see Sec. 2.3).
CG, on the other hand, is an attempt to abolish all scales in nature on a fundamental level by
means of a symmetry principle: A conformally invariant action cannot contain any dimensionful
parameters or couplings in four dimensions. Thus, the issue of small mass scales in nature (often
termed a hierarchy problem with respect to the large Planck mass in General Relativity (GR)) is
diverted to the problem of generating such scales dynamically, for which several mechanisms are
well-known. In such conformal models of gravity, like e.g. [149, 150], it is often argued that GR
is recovered as an effective theory at low energies, so no significant deviations from the standard
ΛCDM scenario are to be expected. In other realizations, e.g. Ref. [151], different predictions for
cosmic expansion arise than in the ΛCDM model. At the same time these predictions are well
testable with the aforementioned data sets and this therefore constitutes an interesting model to
study in this work. The absence of scales on a fundamental level has the amusing consequence that
the theory and its cosmological solution are sensitive to systems of very different length scales, such
as the scale of BAO on the far end of scales, but also to galaxy dynamics. In fact, it has been
prominently argued in the past that CG can address the missing mass problem – at least at the
galactic level manifesting as the rise in rotation curves [152].
The work presented here extends the existing literature in several directions. First, it includes
the recent distance measurements of quasars are used in conjunction with SN data, BAO data and
H(z) measurements. Moreover, we do not only consider parametrised extensions of ΛCDM, but
take a close look at two microscopic generalizations of GR that give rise to modified cosmologies.
One of them, CG, is a theory devoid of any fundamental length scale. We feel that the literature
lacks a statistically sound and, as far as cosmology is concerned, comprehensive study of this model
exploiting available cosmological data. The strong claims about CG, i.e. being able to reconcile late
time acceleration and the dark matter puzzle, call for such a comprehensive survey.

5.2 Introduction
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On the other hand we have bigravity, which is studied within the only known, fully analytical
regime. Previous work performing a statistical analysis of various cosmological observations within
bigravity can be found in [153]; our analysis improves on this by assuming a less restrictive parameter
set (non-zero curvature and radiation density). We furthermore present a completely new approach
to solving the non-linear dynamical equations and identify the relevant physical branches. This
combined effort allows us to draw some important conclusions on the model parameters and on the
models themselves.
Note that in performing this cosmological fit, we do not address the current H0 -tension, i.e. the
discrepancy at the level of 4.4 σ between the measurement of H0 inferred from the Planck CMB
km
km
(H0 = 67.4 ± 0.5 s Mpc
[29]) and Supernova (H0 = 73.24 ± 1.74 s Mpc
[154]) observations at z =
O(0.01 − 0.1). SNe on their own do not constrain H0 ; the tension arises only when the data is
calibrated, for example using nearby Cepheids in the same host galaxy [155] (see also App. 5.4.3); a
high value of H0 in agreement with this is also found via time delays in gravitational lensing [156].
Reproducing the calibrated SN + Cepheid measurement of H0 is beyond the scope of this work
and a solution of the tension is not hinted at by the best fits of our modified cosmologies. This is
in agreement with a recent study [157], which finds that the locally measured value of H0 remains
largely unaffected by the choice of exotic background cosmologies; in particular, a variant of bimetric
gravity is tested, and no alleviation of the H0 -tension is found.
We also point out the recent discussion which revolves around a possible discrepancy between
ΛCDM and the high-redshift quasar data set. The authors of [144] fit a concordance model to
the SN + quasar data up to z < 1.4. They then extrapolate the model to the whole redshift
region of the quasar data and, perhaps unsurprisingly, find that model and data are in ≈ 4 σtension at high-z. Finally, the authors perform an expansion of the Hubble function at low-z and
fit the Taylor coefficients to the data (‘cosmographic expansion’), and reach the conclusion that this
can alleviate the tension. Several other works have appeared in the meantime, re-analysing these
claims. In particular, if the quasar data is calibrated by the distance modulus of the SNe, as in
the original study, the tension is reproduced [158, 159]. However, if the fit is performed including
all parameters required to calculate the distance modulus from the raw quasar data (i.e. including
nuisance parameters), no such tension arises. In this work, we adopt the latter viewpoint. As we
will see, comparing the SN and joint SN + quasar fits then does not lead to a discrepancy for
ΛCDM.
Before moving on, we point out further data sets which we do not consider in our analysis:
While we incorporate the acoustic scale measurement from CMB, a full analysis including the matter
fluctuation amplitude σ8 is not performed. Planck has measured σ8 to very high accuracy, which
can be used to improve constraints of scenarios beyond SM plus GR, see for example [160]. However
a moderate tension arises when compared to observations of large scale structures, see DES lensing
results [29, 161] for the current status. The tension has called for various theoretical models which
modify the late-time universe compared to ΛCDM; a feature which may be provided by bigravity
as well as CG, and in the case of ωΛCDM has shown to slightly alleviate the tension [162]. However
a full analysis of the CMB spectrum is beyond the scope of this work. In particular, the analysis
of perturbations to the cosmological background solution within bigravity has proven a difficult
task, as linear perturbations show unstable scalar and/or tensor modes [163]. See Sec. 5.3.2 for a
discussion of the branches and stability requirements in bigravity.
Another promising avenue is that of velocity-induced acoustic oscillations (VAO) due to relative
velocity between baryons and DM. Using data from the upcoming HERA interferometer, the Hubble
function could be probed up to redshift z = 15 − 20 [164]; however, data is not yet available. While
the recent discovery of gravitational waves has opened a new window on the cosmological history of
the universe, current observations are not yet precise enough to improve constraints on cosmological
parameters. We also do not make use of extragalactic background light data measured by FermiLAT [165] or gamma-ray bursts, which can be observed up to redshift z ≈ 6 [166]. In both cases,
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inclusion of the data sets does not promise to increase the precision, nor does it extend the redshiftrange of the test.
This chapter is structured as follows: in Sec. 5.3, we review the basics of the models we analyse,
and construct the Hubble function which enters the cosmological fit. In the case of CG, this entails
a discussion whether the galactic rotation curves may be explained without DM. In Sec. 5.4, we
discuss the different data sets we include and lay out the details of the Bayesian analysis as well as
any other physical constraints. In Sec. 5.5, we discuss the results of the cosmological fits, and present
the Hubble diagrams as well as the posterior probability distributions for the relevant parameters.
We furthermore compare the competing theories and explain which model is favoured by statistical
evidence. We draw our conclusions in Sec. 5.6.

5.3 Cosmological models
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5.3 Cosmological models
In this chapter we study a number of cosmological models and compare their predictions for a range
of complementary cosmological data sets. While the choice of these models is highly biased, they
each represent a larger class of cosmological models which attempt to solve or at least address some
of the mentioned issues associated with the late-time acceleration of the universe. Before moving
on to the specifics of implementing bigravity and conformal gravity cosmologies, we briefly review
the quantities needed to analyse GR-based cosmologies.

5.3.1 GR-based cosmologies
The first cases we study are based on the standard cosmological model, as it is obtained from
the field equations of General Relativity with the Friedmann-Lemaître-Robertson-Walker (FLRW)
metric ansatz, which implements the assumption that the universe is homogeneous and isotropic,


dr2
2
2
ds2 = −dt2 + a(t)2
,
(5.3.1)
+
r
dΩ
1 − k r2
where k = 0, ±1 represents a flat, or positive/negative curvature universe.25 Plugging this ansatz
into Einstein’s field equations yields two dynamical equations for the scale factor,
8π GN ρ(t) + Λ
ȧ(t)2 + k
=
2
a(t)
3

and

(5.3.2)

ä
4πGN
Eq. (5.3.2)
=
[ρ(t) + 3p(t)] + Λ −−−−−−→ ρ̇ = −3H(ρ + p) .
a
3

(5.3.3)

The latter of these is nothing but a continuity equation for an ideal fluid with energy density ρ and
3H 2
pressure p, and H = ȧa is the Hubble rate. Defining the critical energy density ρc = 8πG0N , we can
put this into the familiar form


H(z)2 = H02 Ωr (1 + z)4 + Ωm (1 + z)3 + Ωk (1 + z)2 + ΩΛ ,
(5.3.4)
where we have introduced the cosmic redshift z = a−1 − 1, and the density parameters today
Ω(m/r) =

ρ(m/r) (t = t0 )
,
ρc

Ωk = −

k
,
H02

ΩΛ =

Λ
.
3H02

(5.3.5)

In these equations the label (m) refers to non-relativistic matter with an equation of state p = 0,
and (r) refers to relativistic degrees of freedom, i.e. radiation with p = 1/3ρ.
We now specify the models of interest based on GR:
Flat ΛCDM cosmology The simplest model we study is the concordance cosmology, i.e. the
FLRW metric with vanishing spatial curvature, k = 0, and a (positive) cosmological constant. This
is described by the equation


H(z)2 = H02 Ωr (1 + z)4 + Ωm (1 + z)3 + ΩΛ ,
(5.3.6)
which today (z = 0 and H(0) = H0 ) implies that ΩΛ = 1 − Ωr − Ωm must hold.

25
In the case of k 6= 0, r should be thought of as a dimensionless radial coordinate, r/r0 , rescaled by the radius of
curvature.
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ΛCDM with curvature A less minimal version of ΛCDM is obtained by allowing for spatial
curvature, cf. Eq.(5.3.4), which we will refer to as kΛCDM. It is described by the Friedmann
equation (5.3.4) together with the more general constraint
(5.3.7)

Ωk = 1 − ΩΛ − Ωr − Ωm .

Dynamical dark energy, wΛCDM Finally, we can be even more general by both dropping the
requirement of spatial flatness and modifying the equation of state of the dark energy component,
p = wρ which allows for an accelerated expansion as long as w < −1/3, thus representing a larger
class of cosmological models of dynamical dark energy. One finds that
h
i
H(z)2 = H02 Ωr (1 + z)4 + Ωm (1 + z)3 + Ωk (1 + z)2 + ΩΛ (1 + z)3(w+1) ,
(5.3.8)
and Eq. (5.3.7) must be satisfied, too.

5.3.2 Bigravity cosmology
We have discussed the construction of bigravity as the generalisation of the de Rham-GabadazeTolley theory of ghost-free massive gravity in Sec. 2.2.8. Based on this, the following section will go
into detail on how to construct measurable quantities for astrophysics, and what kind of cosmological
history to expect in bigravity.
Recall the bimetric action, Eq. (2.2.78), which in the parametrisation of our choice reads26
Mg2
Sbi =
2
+

Z

Mg̃2
2

4

√

2

d x −g R(g) + m
Z

Mg2

Z

4

√

d x −g

4
X

n=0

p
βn en ( g −1 g̃)

Z
p
√
4
d x −g̃ R̃(g̃) + d4 x −g Lmatter ,

(5.3.9)

where the bigravity potential is built from elementary symmetric polynomials [63], and the corresponding equations of motion are
1
8π
Rµν − gµν R + Bµν (g, g̃) = 2 Tµν ,
2
Mg
1
R̃µν − g̃µν R̃ + B̃µν (g, g̃) = 0 ,
2

(5.3.10a)
(5.3.10b)

where Rµν (R̃µν ) is the Ricci tensor constructed from g (g̃), while the Bµν and B̃µν are derived from
the potential V (g, g̃) (see [65] for explicit expressions). Here, Mg is the Planck mass corresponding
to the physical metric g, while the auxiliary metric comes with the mass scale Mg̃ .

26

2
As opposed to Sec. 2.2.8, we here normalise the potential of metric with the prefactor m2 Mg2 (instead of m2 Meff
).
While this somewhat obscures the symmetric nature of the bimetric action, it is a convention more commonly
employed in the literature of cosmological evolution of bigravity [65, 167], which will be useful when putting the
results of this chapter into context with other studies.
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Making g̃ a dynamical field has a number of advantages, foremost it removes the arbitrariness of
the reference metric, which instead obeys a dynamical field equation.27 In the setup of bigravity
which we investigate here, where matter couples exclusively to the physical metric g, while the other
tensor g̃ is regarded as an additional degree of freedom rather than a geometrical object. Under
these assumptions and a bi-FLRW ansatz [85], the equations governing the dynamics of the universe
read

with α ≡




3
H 2 + k − m2 β0 + 3β1 y + 3β2 y 2 + β3 y 3 = 8π GN ρ,
2
a



3
2 2
2 1
−3
−2
−1
J
/c̃
+
k
−
m
β
y
+
3β
y
+
3β
y
+
β
= 0.
1
2
3
4
b2
α2

Mg̃
Mg .

(5.3.11a)
(5.3.11b)

Here a is the scale factor of the physical metric and b that of the auxiliary metric,

while c̃ is the lapse of the auxiliary metric. We have also defined J ≡ bḃ and y ≡ b/a. The
parameters βi are constants of a priori unknown magnitude, while m is a mass scale related to the
physical graviton mass (see below). It is evident from Eqs. (5.3.11) that the parameters βi and the
mass scale m are not independent parameters; however, the latter is conventionally factored out by
introducing a new set of parameters,
Bi ≡ βi

m2
H02

i = 0, 1, 2, 3, 4

(5.3.12)

for reasons that will become apparent momentarily. Moreover, it can be shown from the action that
a rescaling of the hidden sector Planck mass, Mf , can always be compensated by an appropriate
rescaling of the Bi . Thus, the ratio α is also not an independent parameter [167]. For our statistical
analysis, we will set α = 1 and choose an appropriate range for the sampling of the Bi ; for details
on our choice of priors on the bigravity parameters, we refer to Sec. 5.5.4. We stress that a
rescaling invariance remains for all cosmological solutions which we will present, under which Bi 7→
α−i Bi [167].
As a related note, we briefly discuss the role of perturbations on the cosmological background. A
number of analyses on the topic exist for bigravity [68, 169–177]; however, it is generally found that
the models suffer from gradient or ghost instabilities at the linear level of perturbations [163, 178],
which can either be avoided by fine tuning the initial conditions [179], or by considering more exotic
matter couplings [88]. It has also been argued by some authors that these instabilities could actually
serve as seeds for structure formation by virtue of the Vainshtein mechanism that is expected to set
in when these instabilities lead to large overdensities [180].
Finally, there is also the viewpoint that it could be sufficient to shift the instabilities of the
cosmological solution to the very early universe. In the conventional parametrisation with α as
a free parameter, taking α = O 10−17 and choosing all Bi within the same order can push the
age of the onset of instabilities up to the time of Big Bang nucleosynthesis (BBN) [181]. This
parameter space is therefore a region of particular interest, and is also the limit which recovers GR
from bigravity. However, this feature is obscured in our minimal choice of parametrisation: as we
pick α = 1, the Bi need to be tuned finely over several different orders of magnitude in order to
reproduce the same type of background cosmology.
Notice that (5.3.11a) is identical to the standard Friedmann equation augmented by a dynamical
CC,


Λ(z) = H02 B0 + 3B1 y(z) + 3B2 y 2 (z) + B3 y 3 (z) ,
(5.3.13)
which is now a function of redshift z and thus time.

27
While we focus on bigravity, note that there are viable cosmological solutions in massive gravity for an appropriate, non-flat reference metric [88, 168].
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Determination of the ratio of scale factors. The specific form of coupling the two tensor
fields implies that several branches of solutions of Eq. (5.3.11) exist. We choose the dynamic/finite
branch [65], for which J 2 /c̃2 = H 2 . This allows us to rewrite the two Friedmann equations into one
master equation for the ratio of the two scale factors,
(5.3.14)

y 4 + a3 y 3 + a2 y 2 + a1 (z)y + a0 = 0
with
B4 − 3B2 α2
−B3 α2
(3B2 − B0 α2 ) − 3 (Ωm (1 + z)3 + Ωr (1 + z)4 + ΩΛ ) α2
a1 (z) =
−B3 α2
a3 =

3B3 − 3B1 α2
−B3 α2
B1 1
a0 = −
B3 α2

a2 =

where we have replaced the energy density ρ with the matter density parameter Ωm and radiation
component Ωr as well as a constant dark energy component ΩΛ .28 Note that a1 brings in a redshiftdependence. In particular, for z → ∞, it scales as a1 → ±∞.
In order for our chosen background solution to be viable, we enforce the model to lie on the finite
branch of solutions, i.e. that y vanishes at z → ∞ and evolves to a finite value in the distant future,
z = −1. While it is possible to have a solution that yields y → ∞ in the early universe, such infinite
branch solutions are unphysical [65, 182]. This can be seen by taking a derivative w.r.t. log a of
Eq. (5.3.14) and recasting it into [167]
(1 + wm )ρm /Mg2
dy
=y
,
d log a
m2eff − 2H 2
where
m2eff


≡ 1+

1
2
α y2



H02 (y B1 + 2y 2 B2 + y 3 B3 )

(5.3.15)

(5.3.16)

is the time-dependent, effective spin-2 mass. This quantity must satisfy the Higuchi bound m2eff ≥
2H 2 at all times, as otherwise the ghost d.o.f. re-appears [183]. Thus, in the infinite branch, where
for z → ∞, y → ∞, we have y 0 < 0 in order to end the evolution at a finite value for y today.
Thus, we must either violate the Higuchi bound, which renders the theory inconsistent, or we must
introduce exotic forms of matter with ρm < 0, which dominate the universe.
Conversely, Eq. (5.3.16) highlights that, when considering the finite branch and a regime where
ρm > 0, m2eff ≥ 2H 2 , y 0 cannot change signs, i.e. the asymptotic value y∗ = y(z → ∞) fixes the sign
of y for all redshifts. Since we must have H(z)2 ≥ 0 for all z, this equation further implies that
m2eff ≥ 0, and thus [167]
B1 > 0
(5.3.17)
in the finite branch.
We now continue our approach to solving Eq. (5.3.14). The solutions to this fourth order equation
read
a3 R D
a3 R E
y1,2 = − + ±
y3,4 = − − ±
4
2
2
4
2
2

28
Note that ΩΛ and B0 are degenerate; therefore, in our numerical analysis we have chosen B0 such that Eq. (5.3.13)
yields no additional constant dark energy component at z = 0. Hence, ΩΛ has the expected physical interpretation.
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with
r

1 2
a − a2 + x1 (z) ,
4 3
r
3
D≡
a3 − R2 − 2 a2 +
4
r
3
E≡
a3 − R2 − 2 a2 −
4
R≡

(5.3.18a)
1
(4 a3 a2 − 8a1 − a33 )R−1 ,
4
1
(4 a3 a2 − 8a1 − a33 )R−1 ,
4

(5.3.18b)
(5.3.18c)

and where x1 is a real root of
x(z)3 − a2 x(z)2 + [a1 (z)a3 − 4a0 ]x(z) + [4a2 a0 − a21 (z) − a23 a0 ] = 0.

(5.3.19)

Recall that we require that y → 0 for z → ∞, which is enforced by the infinite energy density limit
in the early universe [65]. Let us therefore have a look at the asymptotic behaviour of Eq. (5.3.19),
where by assumption |a1 (z)|  |a0,2,3 |, and keeping all orders in x(z):
x(z)3 − a2 x(z)2 + a1 (z)a3 x(z) − a21 (z) = 0 ,

(5.3.20)

which has only one real solution, which scales as
x(z → ∞) ≡ x∞ =

2
1
a3
a2
+ a1 (z) 3 −
a1 (z) 3
3
3

(5.3.21)

if B3 > 0 and

2
1
a2
a3
+ |a1 (z)| 3 +
|a1 (z)| 3
(5.3.22)
3
3
√
in the case B3 < 0. Thus, we always have that asymptotically R∞ = x∞ and in the limit of large
redshift,
s
s
2 a1 (z)
2 a1 (z)
D∞ = −x∞ − √
, E∞ = −x∞ + √
.
(5.3.23)
x∞
x∞

x(z → ∞) ≡ x∞ =

It is clear from this equation that only one solution can be asymptotically real, either involving D
(a1 < 0) or E (a1 > 0), where the sign of a1 is fixed by B3 . For a parametric scan, we pick a sample
of the parameters Bi and use the asymptotically real branch. In summary, we have identified the
unique solution branch only by demanding that GR be restored at sufficiently early times.
In order to comply with our assumption that y → 0 for z → ∞, we must then also demand
that a3 = 0. This is consistent with the requirement dρ/dy < 0, a condition sufficient to avoid the
Higuchi ghost instability [163, 182, 184].
Finally, we determine the physical graviton mass by taking the future limit, where z = −1 and y
goes to a constant value y∗ . The graviton mass is then [2]
m2g = y∗ H02 G∗

with G∗ ≡ (B1 + 2y∗ B2 + y∗2 B3 ) = const.

(5.3.24)

The future fixed point of the scale factor y∗ is determined from the master equation (5.3.14) for
ρ → 0.
By having chosen the finite branch, we obtain a stable cosmology at the background level. However, linear perturbations on this background solution are known to develop a scalar instability at
early times [68, 88, 163, 177]. While this instability occurs at the perturbative level, it is currently
unclear whether this issue is resolved due to strong coupling effects; the on-set of the instability
may also be pushed to unobservable early times, which can be achieved by a large hierarchy of the
Planck masses [181].
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We conclude this section with a sketch of the cosmic history in bigravity: In the early universe,
dominated by matter and radiation, the modifications of bigravity are irrelevant, as we have chosen
a finite branch solution with y → 0 for z → ∞; this is identical to a ΛCDM cosmology without any
CC contribution (which is irrelevant at large z). At a certain redshift, y will develop dynamics and
modify the expansion history of the universe, effectively through a dynamical CC, cf. Eq. (5.3.11).
Finally, the scale factors reach a constant ratio, y∗ , which is the value assumed in the far future,
z = −1. If we live in a bigravity universe, where we are sufficiently far away from this equilibrium
point, we may hope to identify the characteristic features of the dynamical CC in this model, or
constrain it otherwise.
Notice the similarity between this behaviour and the behaviour found in spherically symmetric
solutions in bigravity [74]. In this metric space, the potential looks Newtonian far away from the
source; however, at a certain distance from the source rc = m−1
g , the solution begins to deviate from
GR and develops a Yukawa-type potential. Finally, and even closer to the source at a distance rV ,
the longitudinal polarisation modes of the massive spin-2 field will become strongly coupled and
non-linearities conspire to restore the GR predictions by rendering any longitudinal polarisation
state non-dynamical [185]. This so-called Vainshtein screening is indeed also incorporated in the
cosmological solution we employ, which was obtained without any assumptions about linearity. See
also Ref. [186] for a recent study of this effect in cosmology.
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5.3.3 Conformal gravity cosmology
CG is a generalization of GR which demands conformal symmetry in addition to general covariance.
The CG action,
Z
√
(5.3.25)
SCG = −αg d4 x −g Cλµνκ C λµνκ ,

is constructed from the Weyl tensor C λµνκ , which is the complete traceless part of the Riemann
tensor29 and is conformally invariant. By construction, the coupling constant αg is dimensionless
and the action is invariant under conformal transformations where the metric is locally rescaled by
gµν (x) → Ω(x)2 gµν (x) .

(5.3.26)

Due to quadratic dependence on curvature invariants in Eq. (5.3.25), the actions depends on up to
fourth-order derivatives of the metric, a fact which can be seen as a virtue and as a disadvantage.
On the one hand, the inclusion of these higher-order terms renders these theories renormalizable by
naive power-counting arguments [187]. On the other hand, these terms give rise to new degrees of
freedom containing a spin-2 ghost state [188, 189]. Such a degree of freedom is in general considered
unphysical since it suffers from the so-called Ostrogradski instability at the classical level30 [190],
and consequently unitarity is violated in the quantum theory [191]. However, proposals exist to
deal with the ghost state (see e.g. Refs. [192–199]). In this work, we intend to study a particular
cosmological model following the ideas of Refs. [151, 200] and references therein. In addition,
this model offers a possible solution to the missing mass problem of galaxies which we discuss in
Sec. 5.3.3. In the past, attempts have been made to explain galactic rotation curve data without the
addition of a dark matter halo in this model [201], and furthermore, Refs. [202, 203] also address
observed galaxy cluster motion with no dark matter. Furthermore, if CG is to account for all
dark matter in the universe, it is so far unclear if it can pass gravitational lensing tests [204–210],
and inconsistencies with gravitational wave observation of binaries have been found [211]. Also,
tensions between predictions of primordial nucleosynthesis in a CG cosmology and observation of
light element abundances have been found in Refs. [212, 213]. In the remainder of this section we
discard all these concerns for now and review the derivation of the modified Friedmann equations
in CG following closely Ref. [151]. The field equations obtained from Eq. (5.3.25), also known as
Bach equations [214], read


(5.3.27)
4αg Wµν ≡ 4αg 2∇α ∇β Cαµνβ + Cαµνβ Rαβ = Tµν ,
where the Bach tensor Wµν can be understood as the generalization of the Einstein tensor and the
energy-momentum tensor Tµν can be derived from a conformally invariant matter action, e.g. containing a complex scalar φ and a fermion ψ,



Z
R †
1 µ †
4 √
† 2
/ + yφψψ .
SM = − d x −g
(∇ φ) ∇µ φ + φ φ + λ(φ φ) + iψ Dψ
(5.3.28)
2
6

Due to conformal invariance, the non-minimal coupling term, R φ† φ, is required and it introduces
a piece proportional to the Einstein tensor Gµν in the energy-momentum-tensor (EMT)
1
GR
Tµν = Tµν
+ φ† φ Gµν ,
6

(5.3.29)

GR is the usual matter EMT.
where Tµν
29

The Weyl tensor is defined by Cλµνκ = Rλµνκ − (gλ[ν Rκ]µ − gµ[ν Rκ]λ ) + 31 gλ[ν gκ]µ R.
We have encountered the Ostrogradski instability in Sec. 2.2.2, where avoiding the ghost modes has served as a
guiding principle in the consistent construction of bigravity. Here, we take the an orthogonal approach, and assume
that the instability is cured by a yet unspecified mechanism.
30
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Amusingly, the FLRW ansatz for the metric [cf. Eq. (5.3.1)] is conformally indistinguishable from
a flat solution which satisfies the vacuum equation Wµν = 0, and thus the Bach equation reduces
GR and an effective gravitational
to Einstein’s field equations with a flipped sign φ† φ Gµν = −6 Tµν
coupling constant set by the vacuum expectation value (vev) of the field φ. Independently of
whether we wish to view the field φ as the Higgs field, once φ takes a constant field value, it will
break the conformal symmetry and set the scale of gravitational interactions. Plugging the FLRW
GR constitutes a perfect fluid
metric ansatz (5.3.1) into the field Eq. (5.3.27) and assuming that Tµν
leads to the modified Friedmann equation of CG,


H(z)2 = − H02 Ωr (1 + z)4 + Ωm (1 + z)3 + ΩΛ + H02 Ωk (1 + z)2 ,
(5.3.30)
where the densities Ωm,r,k are defined as in Eqs. (5.3.5) but the dark energy density is set by the
vev of the scalar ΩΛ = λ φ4 /H02 . In Eq. (5.3.30) we have introduced the dimensionless quantity
 ≡ 4π GN3 hφ2 i . This allows us to define modified energy densities Ωi = − Ωi 31 and bring the
Friedmann equation into the familiar form

H(z)2 
= Ωr (1 + z)4 + Ωm (1 + z)3 + ΩΛ + Ωk (1 + z)2 ,
2
H0

(5.3.31)

where matter and radiation contribute negatively to the Friedmann equation, as Ω(m)r < 0, and the
cosmological constant is assumed to contribute positively as demanded by observations.32 It should
be stressed that the physical densities of matter ρm and ρr are still positive, but their gravitational
interactions are repulsive on cosmological scales.
Due to the negative energy density parameters entering Eq. (5.3.31), there is a maximal redshift
2 ) = 0. For a flat universe
zmax , which is reached once the squared Hubble rate has a root, H(zmax
with only matter (radiation) and a cosmological constant, the maximal redshift is
!1 (1)
3 4
ΩΛ
zmax ≈
,
(5.3.32)
−Ωm(r)

which translates to a minimal scale factor amin = 1/(1 + zmax ).
For the present analysis we adapt the following assumptions, which allow us to put conservative
bounds on CG. Processes in the early universe such as recombination and nucleosynthesis are well
established via the CMB and the abundance of nuclei in the universe, respectively. Therefore, we
demand that zmax > 1015 , for BBN to be safely inside the expanding phase when these processes
take place. Thus, Ωm(r) must be tiny if we assume ΩΛ ∼ 1, which can only be achieved if  < 10−15 .
We also take into account the vacuum energy due to the scale of the electroweak phase transition.
−2 eV)4
To this end, we must bring into agreement the observed vacuum energy density ρobs
vac ∼ (10
4
EW
with the expected contribution ρEW
vac ∼ (100 GeV) . For that contribution we have ΩΛ = ρvac /ρc ∼
54
−54
10 , so the appropriate order of magnitude suppression demands that  ∼ 10 . Furthermore, we
have to consider the contribution coming from the vev of the scalar φ to the cosmological constant
ρΛ = λ φ4 . The vev hφi is set by  ∼ 10−54 to hφi ∼ 1026 MPl . This huge vacuum expectation
value requires to fine-tune the scalar self-coupling to λ ∼ 10−176 in order to maintain ΩΛ ∼ 1.
This vast amount of fine-tuning indicates that the cosmological constant problem persists in CG.
However, we find that  is constrained even stronger due to vacuum energy contributions to ΩΛ so
that the BBN constraint is easily satisfied.
From the above considerations we conclude that   1, and that only the vacuum energy and
curvature (the latter of which is not multiplied by ) contribute to the cosmology of CG in the range
of redshifts we are interested in,


H(z)2 = H02 ΩΛ + Ωk (1 + z)2 .
(5.3.33)
31

If we wish to achieve ΩΛ > 0, we must accept that λ < 0 in the action, since ρΛ = λhφ4 i.
For Ωk > 0, which is demanded by galactic rotation curves (see Sec. 5.3.3), the universe is in an accelerated
phase at all times.
32

5.3 Cosmological models

65

Galactic Rotation Curves without Dark Matter
As mentioned above, the modified gravitational potential of CG has been used to address the
missing mass problem of galaxies in the past [152, 215–217]. Here, we briefly review the potential
generated by a spherical symmetric source and novel effects that arise only in CG following closely
Ref. [201]. The potential generated outside the source of radius R reads
V ∗ (r > R) = −

β∗ γ∗r
+
.
r
2

(5.3.34)

For small radius r the Newtonian limit is recovered if β ∗ = GN M , and the linear term in r
marks a departure from the known behaviour on larger scales. Due to the fourth-order derivatives
inherent to CG, Newton’s shell theorem is no longer valid. The global contribution can be divided
into two components: the homogeneous cosmological background and the inhomogeneities on this
background. First, we consider the homogeneous and isotropic background described by the FLRW
metric (5.3.1). To compute the gravitational potential due to the ambient FLRW background
which an observer in the Schwarzschild rest frame experiences, one can use general coordinate
invariance. By a suitable coordinate transformation for the time and radial coordinates, Eq. (5.3.1)
is transformed into a Schwarzschild-type metric


dr2
2
2
2
2
2
ds = Ω (τ, ρ) −(1 + γ0 r)dt +
+ r dΩ .
(5.3.35)
(1 + γ0 r)
This reveals that the FLRW background generates the linear term in the potential for non-zero
curvature, and this term is related to the spatial curvature k through the relation33
√
γ0 = 2 −k.
(5.3.36)
This allows us to test the parameter γ0 on two distinct scales. On the one hand, it appears as
a global term in the potential below, where it can be determined by local data such as galactic
rotation curves. On the other hand, k will enter the Friedmann Eq. (5.3.33) through the curvature
density Ωk and its value can be constrained by a cosmological fit. We discuss this particular feature
in Sec. 5.5.5.
The second, global contribution to the potential is due to inhomogeneities on the FLRW background, which introduce a quadratic term in the potential (see Ref. [201] for details). To sum up,
we obtain for the full potential outside the source
V (r > R) = V ∗ (r > R) +

γ0 r
− κ r2 ,
2

(5.3.37)

from which galactic rotation curves are predicted in Refs. [201, 218–222].

33

For a well-behaved potential we demand that k < 0 which corresponds to an open universe with Ωk > 0.
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5.4 Data sets and analysis methods
In this section we describe the data samples we have used in this and document our data analysis
methods. The contents of this section will enable the inclined reader to reproduce all of our results.
Furthermore, we provide the code to reproduce our results at [223].

5.4.1 Distance measures
Having specified a given model in terms of its Hubble rate’s dependence on redshift, testable observables can be derived. To this end, objects of known brightness (standard candles) and known
size (standard rulers) are identified at a certain redshift in order to infer the corresponding cosmic
distance measures. We define the co-moving distance as a function of redshift
Z z
dz 0
dC (z) =
,
(5.4.1)
0
0 H(z )
from which a number of useful distance measures can be derived.
Standard candles are objects of known brightness and their luminosity distance is given by
dL (z) = (1 + z)Φk (dC (z)) ,
with

p

p
2 −1 sinh
2x ,

Ω
H
Ω
H
k < 0,
k 0
k 0


Φk (x) = x,

 k = 0,


p|Ω | H 2 −1 sin p|Ω | H 2 x , k > 0.
k
k
0
0

(5.4.2)

(5.4.3)

Standard rulers are objects of known size, such as the BAO scale, and one measure their angular
diameter distance,
Φk (dC (z))
dL (z)
dA (z) =
=
.
(5.4.4)
1+z
(1 + z)2

5.4.2 Big bang nucleosynthesis
Our analysis assumes that BBN proceeds in the standard manner. In order to be in agreement with
measurements of the primordial deuterium abundance, we combine all likelihoods with a Gaussian
prior on 100 Ωb h2 = 2.22 ± 0.05. This is the ‘conservative BBN prior’ of Planck 2018 [29] on the
basis of the deuterium abundance measurement by Cooke et al. [224].

5.4.3 Supernova data
In order to employ the power of SN standard candles, we make use of the Joint Light Curve Analysis
(JLA) data [225], a combined analysis of the available SDSS and SNLS data including very low
(z < 0.1) and high redshift data points (z & 1). The resulting set of 740 SN events, available
from [226], have previously been used to discriminate cosmological models, see e.g. Ref. [227]
 for
dL (z)
recent work. The distance modulus of a generic SN event is defined as µ = 5 log10 1 Mpc + 25,
and can be related to the absolute and apparent bolometric magnitude of the given SN as,
µ = mB + α0 X1 − β C − MB ,

(5.4.5)

where mB and MB are apparent and absolute B-band magnitudes, respectively; X1 characterises
the shape of the SN light curve; and C its deviation from the standard type Ia SN color. While mB ,
X1 and C are measured, α0 , β and MB need to be extracted from a joint fit of the data to a given
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cosmological background model.34 As proposed by the JLA analysis, we include an ‘adjustment
parameter’ ∆MB for SNe in host galaxies with a masses > 1010 M , i.e.
(
MB0
if Mhost ≤ 1010 M ,
MB =
(5.4.6)
MB0 + ∆MB if Mhost > 1010 M .
This, together with a given model prediction for dL (z), allows us set up our log-likelihood for the
SN data, most compactly written in matrix notation,
− 2 log LSN = [~
µ−µ
~ model ]T C−1 [~
µ−µ
~ model ] + log[det(C)], 35

(5.4.7)

C = Dstat + Cstat + Csys ,

(5.4.8)

with the covariance matrix C decomposed into
and the diagonal matrix Dstat given as
Dstat,

ii

2
2
2
2
2
2
= σm
+ α02 σX
+ β 2 σC,
i + CmB X1 C, i + σpec i + σlens, i + σcoh, i .
1, i
B, i

(5.4.9)

The matrices Cstat and Csys can be obtained from [226], which also includes the standard deviations
2
2
2
due to the peculiar velocities σpec
i , lensing σlens, i , the dispersion σcoh, i , and the covariance among
mB , X1 and C, CmB X1 C, i . Notice that C depends (quadratically) on the auxiliary parameters, and
thereby minimising Eq. (5.4.7) is not fully equivalent to a least squares fitting – even for uniform
priors.

5.4.4 Quasar data
In order to use quasars as cosmological standard candles, we follow the program outlined in
Refs. [143, 144], and which is founded on an empirical log-linear relation among the UV and X-ray
luminosities,
log10 (LX ) = γ log10 (LUV ) + const .
(5.4.10)


This translates into observable fluxes F = L/ 4πdL (z)2 as


dL (z)
0
.
(5.4.11)
log10 (FX ) = γ log10 (FUV ) + β + 2(γ − 1) log10
1 Mpc
{z
}
|
=µ/5−5

Here,
can in principle be related to the constant in Eq. (5.4.10), but an overall normalisation of
µ remains undetermined [143]. Therefore, we treat β 0 as another auxiliary parameter to be fitted
with the cosmology. The parameter γ in turn can be determined from a linear fit of the flux data.
In order for the redshift-dependence to be negligible, this must be carried out in narrow redshift
bins, ∆[log z] < 0.1, or assuming a standard cosmology [143]. This yields a mean of γ = 0.634
that we use throughout our statistical analysis. The data set we employ is described in Ref. [144]
and has already undergone a number of pre-selection steps, which leave a total of N = 1598 quasar
samples with redshifts 0.036 < z < 5.1. Our likelihood function is
(
)
N
X
[µi − µmodel (zi )]2
− 2 log Lquasar =
+ log(σi ) ,
(5.4.12)
σi2
i=1
i2
h
5
∆FX + δ 2
with the observed µ obtained via Eq. (5.4.11) and the standard deviation σ 2 = 2 (1−γ)
is augmented by a dispersion parameter δ, which is included in the cosmological fit as a nuisance
parameter.
β0

34

Taking MB as a fit parameter is the result of our ignorance about the absolute magnitude of the SN luminosity.
Because this introduces an arbitrary rescaling of dL , we are not able to infer H0 from the SN fit alone. This is only
possible if one includes a local calibrator (see [155]).
35
For practical reasons, the last term needs to be implemented as log[det(C)] = tr[log(C)] as otherwise the
determinant is below machine precision and this term evaluates to −∞.
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5.4.5 BAO data
In the early universe, the interaction of the relativistic photon plasma with the cooling baryons
leads to density oscillations which imprint a characteristic length scale onto the CMB and also the
large scale structure (LSS) of the universe. This scale can be measured as a characteristic angular
scale, a standard ruler. The rather recent measurements of the BAO scale provide an independent
and complementary probe of the base cosmological model and in promise more precision and reach
with upcoming surveys, such as EUCLID. Recent BAO analyses [137, 146, 228, 229] have shown
that measuring the BAO scale is a powerful tool for probing cosmological models.
The relevant length scale for BAO is the sound horizon at the end of the so-called drag epoch zd ,
which is the time when the photon and baryon components of the primordial plasma decouple,
rd ≡ rs (zd ) =

Z

∞

zd

cs (z)
dz
= zd
H(z)

Z

1

dx x−2

0

where the integral expressed in terms of the variable x =
tion, and the sound speed given by

zd
z

cs (zd /x)
,
H(zd /x)

(5.4.13)

is more suitable for numerical integra-


 1
3 ρb (z) − 2
1
.
cs (z) = √ 1 +
4 ργ (z)
3

(5.4.14)

ρb is the physical baryon density and ργ the energy density of the photon plasma. The photon
density is determined from the CMB temperature TCMB = 2.7255 K [230],
3
= 31500 × (TCMB /2.7 K)−4 .
4 Ωγ h2

(5.4.15)

dM rd,fid
Mpc rd

dA rd,fid
Mpc rd

H(z) rd /rd, fid
km s−1 Mpc−1

dH /rd

6dFGS [231] 0.106 2.976 ± 0.133

−

−

−

−
−

148.69

0.38

−

1518 ± 22

−

81.5 ± 1.9

−

2283 ± 32

−

97.3 ± 2.1

Name

zeff

dV /rd

SDSS MGS [232] 0.15 4.466 ± 0.168

0.61
BOSS DR14 [234] 0.72
0.978
eBOSS QSO [235]

1.23
1.526
1.944

eBOSS Lyα [236] 2.34
eBOSS Lyα-QSO [237] 2.35
eBOSS Lyα combined [237] 2.34

−

1977 ± 27

−
−

−
90.4 ± 1.9

rcorr

−

−

−

147.78

−

147.78

−

147.78

−

16.08 ± 0.41

−

−

−

−

147.78

−

−

−

1586 ± 284

113.72 ± 14.63

−

147.78

−

−

1768.8 ± 96.6 148.11 ± 12.75

−

147.78

cov. matrix

BOSS DR12 [233] 0.51

−

rd, fid
Mpc

cov. matrix

Notice also that at the end of the drag epoch zd the energy density of radiation in H(z) cannot be
ignored.

−
−

−
−

1769 ± 160
1808 ± 146

−

(37.41 ± 1.86) rd,fid

−

−

(37.1 ± 1.2) rd,fid

−

−

(36.3 ± 1.8) rd,fid

−

131.44 ± 12.42
172.63 ± 14.79
−

−
−

−

147.78

−

147.78

8.86 ± 0.29 147.33 −0.34

9.20 ± 0.36 147.33 −0.44
9.00 ± 0.22 147.33 −0.40

Table 5.1: BAO measurements used in our analysis. This table is adapted from Ref. [146] with updated
data sets as found in Ref. [228]. The correlation matrices can be found in the references.

The dynamics of the drag epoch have been thoroughly analysed in [238], where a numerical fitting

5.4 Data sets and analysis methods

69

formula for zd is given,
(Ωm h2 )0.251
[1 + b1 (Ωb h2 )b2 ],
1 + 0.659 (Ωm h2 )0.828
b1 = 0.313 (Ωm h2 )−0.419 [1 + 0.607(Ωm h2 )0.674 ],

zd = 1345

(5.4.16)

b2 = 0.238 (Ωm h2 )0.223 .

The relevant cosmological distance measure for an object of known size is the redshift-weighted
comoving distance dM ,
dL (z)
dM (z) = (1 + z)dA (z) =
.
(5.4.17)
1+z
In order to measure the BAO scale, a fiducial cosmology is employed that allows to translate the
power spectrum to a distance measure, while allowing the BAO scale to shift relative to the fiducial
cosmology’s prediction. The measurements are then typically quantified by one or two numbers,
that quantify the discrepancy between the measured BAO angle and the fiducial BAO angle. In
the case of an anisotropic survey, this yields a measurement perpendicular to the line of sight and
one parallel to it:
dM, fid (z)
dM (z)
= α⊥
,
rd
rd, fid

and

dH, fid (z)
dH (z)
= αk
,
rd
rd, fid

(5.4.18)

with dH (z) = c/H(z), while isotropic surveys constrain a single quantity defined as
dV, fid (z)
dV (z)
=α
,
rd
rd, fid

(5.4.19)

1

with dV (z) = [z dH (z) d2M (z)] 3 a volume averaged distance measure. In Tab. 5.1 we present all
measurements that have been taken into account in our study.
In summary, the BAO likelihood piece is
h
i
h
iT
~ −Y
~model ,
~ −Y
~model C−1 Y
− 2 log LBAO = Y
BAO

(5.4.20)

~ is a vector containing the measured quantities in Tab. 5.1 and CBAO is a matrix of
where Y
correlations assembled also from it.
CMB anisotropies as BAO measurement. Finally, we treat the measurement of the first peak
in the CMB spectrum as a BAO experiment at redshift z∗ . This is a well-established procedure,
which was also used in the analysis of SN data in Ref. [226], BAO data in Ref. [146]. For our
purposes, we use the Planck 2018 results.
The redshift of last scattering is approximated as in [238] by
z∗ = 1048 [1 + 0.00124(Ωb h2 )−0.738 ] [1 + g1 (Ωm h2 )g2 ],
g1 = 0.0783 (Ωb h2 )−0.238 [1 + 39.5 (Ωb h2 )0.763 ]−1 ,
g2 = 0.560 [1 + 21.1 (Ωb h2 )1.81 ]−1 .

(5.4.21)

Crucially, the redshift zd which sets the end of the drag epoch and that of last scattering z∗ are
not exactly equal, with z∗ & zd . For example, we find z∗ = 1092 and zd = 1063 for the best fit
ΛCDM cosmology. This affects the comoving sound horizon at the percent level.
The CMB data is implemented in the form of distance priors, which compress the information
of the full parameter chains inferred from the final Planck 2018 data. They have been calculated
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in Ref. [239] for the cross correlation of TT, EE, TE + lowE power spectra. For the base model
ΛCDM, this is

~ T ≡ R, lA , Ωb h2 = (1.7502, 301.471, 0.02236) ,
X
(5.4.22)
and a marginalised covariance matrix is obtained

2.1

CPlanck = 10−5 · 
19

−0.045

19
789
−0.43

−0.045




−0.43, 
.
0.0022

(5.4.23)

See [239] for the distance priors for cosmologies including curvature and dynamical dark energy,
which we have implemented as well. The parameters R and lA are determined by the cosmology as
H0 p
Ωm (1 + z∗ ) DA (z∗ )
c
πDA (z∗ )
lA = (1 + z∗ )
.
rs (z∗ )
R=

(5.4.24)

Thus, for all analyses labelled ‘+CMB’, we include in the likelihood function a factor
h
iT
h
i
~ −X
~ model C−1
~ −X
~ model
− 2 log LCMB = X
X
Planck

(5.4.25)

5.4.6 Joint analysis of cosmological data
To combine the SN and quasar likelihoods, we assume the data to be independent and thus multiply
the probabilities, or equivalently add the log-likelihoods,
log Ltot = log LSN + log Lquasar + log LBAO + log LCMB .

(5.4.26)

We sample the posterior probability distribution,
p(θ|~x) ∝ p(θ) L(~x|θ)

(5.4.27)

assuming uniform prior distributions p(θ) for the auxiliary as well as the cosmological parameters
θ = (α0 , β, MB0 , ∆MB , β 0 , δ, Ωm , ΩΛ , w, . . .)T . To this end, we make use of the python package emcee,
which implements an affine invariant MCMC ensemble sampler [240], a technique particularly well
suited for our purposes [241].
In order to quantitatively compare models, we employ the so-called ‘Bayes information criterion’
(BIC), which takes into account not only how well a model fits a data but also its simplicity in
terms of the number of parameters it introduces:
 
BIC ≡ |θ| log(|~x|) − 2 log L̂ ,
(5.4.28)
where L̂ is the maximised value of the posterior probability distribution and | · | denotes the length
of a vector. In order to select among two models the preferred one, we compare the evidence of the
data occurring within a given model,
Z
p(~x|M ) ≡ dθ p(θM ) p(~x|θM ) ,
(5.4.29)
where θM represents the vector of parameters in a given model M . It is in general not possible
to directly evaluate this integral, so either this has to done via another MCMC approach, or an
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approximate method. It can be shown that the BIC, as defined in Eq. (5.4.29), serves as an estimator
of the evidence
p(~x|M ) ∝ exp(−BIC/2) .
(5.4.30)
To see this, we expand the posterior into a Taylor series to second order about the point of maximal
likelihood, i.e.
1
log p(θ|~x) ∝ log [p(θ) L(~x|θ)] ≈ log p(θ̂) L(~x|θ̂) − (θ − θ̂)i H̃ij (θ − θ̂)i ,
2

(5.4.31)

with H̃ the negative Hessian of the posterior p(θ|~x) evaluated at the parameter value θ = θ̂ that
maximises it.36 The integral in Eq. (5.4.29) is now a multidimensional Gaussian and yields
!
1
2 π |θ̂|
.
(5.4.32)
log p(~x|M ) = log p(θ̂) + log L(~x|θ̂) + log
2
det H̃
˜ where I˜
Note that H̃ is the Fisher information matrix, which one can show factorizes as H̃ = nI,
is the Fisher information matrix for a single data point [242]. Thus, in the limit of large n,
!
1
2 π |θ̂|
log p(~x|M ) = log p(θ̂) + log L(~x|θ̂) + log
.
(5.4.33)
2
n|θ̂| det I˜
Taking the asymptotic limit n → ∞ and ignoring all terms that do not scale with n, one finds,
− 2 log p(~x|M ) = |θ̂| log(n) − 2 log L(~x|θ̂) ,

(5.4.34)

from which Eq. (5.4.30) emerges. Therefore, the probability of erroneously choosing Model M over
model M 0 can be estimated as
P (M ) =

e−BIC(M )/2
1
,
0 )/2 =
−BIC(M
)/2
−BIC(M
e
+e
1 + e∆/2

with ∆ = BIC(M ) − BIC(M 0 ).

(5.4.35)

Thus, if ∆ = 1.5/5.9/11.6 there is mild/strong/very strong evidence to reject model M in favour
of model M 0 , corresponding to 1 − P (M ) = 68%/95%/99.7% CL, respectively.

36
The first order term vanishes due to the maximum condition, and we define H̃ = −H, such that it is positive
definite.
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5.5 Cosmological fits
Having defined all model quantities and data sets, we now present the results of the numerical data
analyses in the various cosmological models. For each model, the full list of sampling parameters
consists of the model-specific parameters introduced in Sec. 5.3, plus a number of universal nuisance
parameters, which we have defined in Sec. 5.4. First off, we study the flat concordance cosmology,
ΛCDM. We then turn to two parametrised extensions of ΛCDM, adding curvature (kΛCDM) and
finally a free DE equation of state (wΛCDM) in Secs. 5.5.2 and 5.5.3. Here, we will validate our
findings in the context of existing surveys, and we will present for the first time results of a combined
analysis using SNe, BAO, CMB data in conjunction with the advertised quasar standard candles.
In order to compare the validity of the models, we evaluate the Bayes information criterion (BIC),
which has been defined in Eq. (5.4.29).
Subsequently, we turn to non-parametric extensions of ΛCDM, the first of which is bigravity – with
and without curvature. Finally, we discuss the phenomenological implications within CG, where we
will conclude that this framework is not apt to explain the current data, and can essentially be ruled
out in its basic formulation. Nevertheless, we also show that an intriguing feature of the model is
that certain parameters appear both in the cosmological solution as well as local geometries, and
therefore both galactic and cosmological data can constrain the same set of parameters. However, it
turns out that the two data sets yield incompatible results for the model parameters. We hope that
these results can point towards a phenomenologically viable theory in the future. We summarize
our results in Table 5.2.

5.5.1 Flat ΛCDM model
In a first step, we apply the techniques introduced in Sec. 5.4 to a standard ΛCDM model to cross
validate our findings with the literature. Setting up a total of 512 uniformly sampled parameter
points and evolving the Markov Chain Monte Carlo (MCMC) sampler for 1000 iterations, we find
for different data sets the posterior distributions shown in the rightmost panels of Fig. 5.1. Note that
we have chosen flat priors whose allowed ranges encode some physical expectation, i.e. 60 km/s
Mpc <
2
H0 < 80 km/s
Mpc and 0 < Ωm < 1, and a Gaussian prior for Ωb h (see App. 5.4), which implements
independent information from nucleosynthesis (which we thereby implicitly assume to proceed in a
standard manner).37 From Fig. 5.1 we can draw a number of important conclusions: First, there is
no significant correlation between model and nuisance parameters. Second, SN nuisance parameters
are only affected by SN data and do not respond significantly to the inclusion of quasar data and
vice versa. Thus, the calibration can – in principle – be done independently, and we see that the
combined data sets (which also include BAO and CMB data) yield confidence intervals that are
compatible with the individual analyses. Third, the MB –H0 panel of Fig. 5.1 shows that SN data
(and also quasar data) alone cannot constrain H0 as their absolute magnitudes are degenerate with
H0 – even if only weakly. In order to calibrate the SN data, we need to break this degeneracy,
e.g. by measurements involving standard rulers, or H(z) measurements as given by the BAO data,
cf. App. 5.4. And finally, our findings are in agreement with those in the literature for the JLA SNe
sample, cf. Ref. [226], and the quasar sample [143, 243].
Marginalising over the nuisance parameters yields the compressed results displayed in Fig. 5.2 and
summarised in Tab. 5.2. Here, we would like to note that our results agree well with the findings by
the Planck collaboration, which find a slightly lower value for H0 = (67.4 ± 0.5) km/s
Mpc [29] (we find

H0 = 68.4 ± 0.4 km/s
Mpc ). The inclusion of more data sets does not affect the value of H0 significantly
and thus does not alleviate or worsen the long-standing tension between local calibrations of SNe (see
e.g. Refs. [155] for the most recent analysis) and the results from CMB measurements. In conclusion,
37
The radiation density is negligible at low redshifts, hence ΩΛ + Ωm = 1. We are then left with Ωm , Ωb and H0
as the cosmological parameters.
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we find that SNe and quasars yield compatible, tight constraints on Ωm , which is found to be
Ωm = 0.31±0.03. Notice that neither SNe nor quasars can constrain H0 alone because their absolute
magnitudes are unknown [cf. Eq. (5.4.5)]. Via the inverse distance ladder approach, we break
the degeneracy between H0 and the magnitudes by including measurements of acoustic oscillation
scale standard rulers. Combined, these allow us to constrain tightly the absolute magnitudes and
H0 , as Fig. 5.2b reveals. In combination with the accurate determination of the location and
height of the first CMB anisotropy peak, the parameters converge to Ωm = 0.308 ± 0.006 and
H0 = (68.0 ± 0.4) km/s
Mpc , which is in good agreement with analyses of the CMB [29] with the results
km/s
H0 = (67.4 ± 0.5) km/s
Mpc and Ωm = 0.315 ± 0.007, BAO [146] with the results H0 = (67.3 ± 1.1) Mpc
and Ωm = 0.302 ± 0.008, and the JLA SN sample [225] with result Ωm = 0.295 ± 0.034, establishing
the robustness of our methodology.

5.5.2 ΛCDM with curvature
Next, we modify the analysis carried out in the previous section by relaxing the condition Ωm +ΩΛ =
1 to include finite spatial curvature by introducing a new model parameter Ωk = 1 − Ωm − ΩΛ . A
glance at the posterior distribution in Fig. 5.3 and the results summarised in Tab. 5.2 allows us to
draw a number of interesting conclusions.
It is conspicuous that the expected values for Ωm and ΩΛ are shifted to larger values once the
quasar data is taken into account on top of the SN data, while in the previous case they were
reasonably in accordance. This can be understood by recalling that quasars can be tested to much
higher redshift so the effect of spatial curvature becomes relevant, effectively shifting Ωm and ΩΛ
to much larger values compared to what is found for the SN data alone.
One further interesting observation is that the inclusion of BAO and CMB data stabilises the
values of the matter and dark energy densities at values close to the flat ΛCDM case, Ωm =
0.302 ± 0.006, ΩΛ = 0.698 ± 0.006 and H0 = 68.6 ± 0.6 km/s
Mpc .
The curvature density is obtained from Eq. (5.3.7) and the results in Tab. 5.2,
Ωk = 0.000 ± 0.008 ,
which hints at a flat universe. In fact, the statistical evidence shows that kΛCDM is disfavoured
with respect to ΛCDM for any data sets considered in Tab. 5.2. Our results show that relaxing the
flatness condition of ΛCDM is not beneficial in terms of statistical evidence and the cosmological
parameters converge nevertheless to a flat ΛCDM universe, while adding another free parameter is
penalised by the BIC.

5.5.3 wΛCDM
We find similar results if we parametrically extend the standard cosmology ΛCDM to leave the
equation of state parameter w of dark energy an undetermined parameter. In this case, wΛCDM is
strongly disfavoured compared to ΛCDM for SN, SN+Q and SN+Q+BAO+CMB, and disfavoured
for SN+Q+BAO. The curvature density here is found to be Ωk = −0.001 ± 0.013 and the equation
of state parameter turns out to be w = −1.011 ± 0.05, values which are again very close to those of
ΛCDM.
From Fig. 5.4 we conclude that the additional parameters open up new regions of parameter
space and intricate degeneracies arise, see e.g. in the w–Ωm marginalised posterior. Consequently,
we see that certain data sets, e.g. the BAO-only posterior, favour a much lower Hubble rate around
H0 = 67.6 km/s
Mpc compared to the combined fit. The reason lies in the fact that the CMB data do not
allow an equation of state parameters much larger than w = −1 (as preferred by the BAO data),
and the two parameters share precisely such a degeneracy, cf. bottom left panel of Fig. 5.4b.
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5.5.4 Bigravity cosmology
We now discuss the bigravity model fits for our setup.38 As shown in Sec. 5.3.2, the parameters
m and α have been absorbed into the definition of the Bi , which leaves us with three bigravity fit
parameters (on top of the usual number of parameters for ΛCDM and kΛCDM). This is the correct
number of independent, physical bigravity parameters [167]. Previous works on cosmological fits
of bigravity include Refs. [153, 171, 246]. We improve on these results by the inclusion of the new
quasar data set, and by performing the full Bayesian analysis over all bigravity parameters. Previous
analyses have often restricted their attention to subsets of models, in which only one or two of the
Bi are non-zero (for a counterexample, see Ref. [153]). The main reason for restricting only to
subsets of the parameter space in some previous work has been the fact that increasing the number
of free parameters enlarges the volume of the parameter space, which then results in a larger Bayes
factor. At the present time, we see no a priori physical motif to restrict the bigravity parameter
space, and have therefore only analysed the unrestricted model, i.e. we fit all bigravity parameters
(B1,2,3 ) as well as a free parameter to describe curvature. The analysis in [153] has shown that
the quality of the fit does not improve significantly when using a restricted model; however, due to
the large number of possible correlations between the full set of bigravity parameters, a fit using a
constrained model offers more insight into the structure of the bimetric model.
Nevertheless, the bigravity parameters are a priori allowed to take on any value in R, and with
the restriction on B1 presented in Sec. 5.3.2, the allowed ranges are B1 > 0 and B2 , B3 ∈ R.
This parameter space could be sensibly scanned by a logarithmic sampling over a large range.
However, it is reasonable to assume that the best fit cosmology closely resembles ΛCDM. We
therefore anticipate that the dynamical CC takes the current value Λ(z = 0) ∼ (H0ΛCDM )2 . Under
the constraint of the master equation Eq. (5.3.14), this implies that all Bi are of the same order,
barring any fine tuning. For the analysis, we therefore sample the bigravity parameters in the
ranges B1 = [0, +100] and B2,3 = [−100, +100] using flat priors. The chosen range ensures that
the dynamical effects of bigravity are small, yet non-negligible: as Eq. (5.3.14) shows, choosing a
larger value for any of the Bi decreases the redshift-dependence of the ratio of scale factors y, as the
time-varying energy densities are suppressed in this case. However, with a constant y the model’s
dynamics reproduce ΛCDM.
Fig. 5.5 shows the results in bigravity with zero curvature, where we find that the best fit values of
Ωm , Ωb and H0 for the combined analysis depart only slightly from their counterparts in concordance
cosmology and its related theories. For the bigravity parameters B1,2,3 , we find neither a clear sign
of convergence, nor a simply visualised correlation between any pair of parameters.39 This can
be understood by inspecting Fig. 5.7: due to our choice of priors, the bigravity models which are
probed by our setup deviate from ΛCDM, however only at the percent level and in a redshift
interval where the data is less constraining. In consequence, the standard cosmological parameters
(Ωm , Ωb , H0 ) are well constrained, which also holds for the parameter which characterises the onset
of the deviation from ΛCDM, the graviton mass [Eq. (5.3.24)]. Using the best fit cosmology, we
obtain mg = (142 ± 1) H0 , which complies with our expectation: it is a value close enough to H0 so
that the physical interpretation is that the graviton mass provides the dark energy component, but
also satisfies the Higuchi ghost bound. It is also compatible with local tests of gravity and massive
spin-2 states [1, 247, 248].
While these results show that a consistent bigravity cosmology can be formulated, and that
it is compatible with our range of observational tests, the pressing question is whether bigravity
improves the fit compared to ΛCDM. The value ∆BIC = 32 reveals that this model is not preferred
38

Note that there are several possible modifications to our standard bigravity setup, which may considerably alter
the cosmology. One such case is the choice of the matter coupling; e.g., see the analyses in Refs. [244, 245] for
bigravity with doubly coupled matter.
39
As a check, we have also performed the fit using the logarithmic sampling variables log10 ±Bi , the results of
which support these conclusions.
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w.r.t. simpler modifications of ΛCDM. This is explained as this model mimics ΛCDM with zero
curvature at large z, and thus is unable to improve the fit of the precisely known data sets BAO and
CMB; but at the same time, the model brings with it an increased number of model parameters,
which increases the BIC.
With flat bigravity being strongly disfavoured, we thus turn to bigravity with a free curvature
parameter in Fig. 5.6. Again, we find all bigravity parameters to be O(100), while the mass density
parameters and H0 are similar to those found with (k)ΛCDM. The physical graviton mass is of the
same order, mg = (169 ± 2) H0 . The curvature density is compatible with a flat universe. With
these results it is not a surprise that we find ∆BIC = 29, indicating that bigravity with curvature
is also strongly disfavoured, as it does not provide a significant improvement on the cosmological
fit. However, one must keep in mind that these results do not rule out the possibility of a bimetric
cosmology compatible with observations; the BIC is merely a statement about the improvement of
the fit, while penalising the introduction of additional variables. From a model building point of
view, bigravity still retains its desired features.
Furthermore, we comment on the fate of bimetric cosmologies at high z: as discussed in Sec. 5.3.2,
our chosen branch of bigravity must reduce to ΛCDM in this limit, as the second metric is effectively
turned off when y → 0. We have verified this behaviour numerically for the best fit parameters, see
Fig. 5.7. This shows that the best fit bigravity cosmologies match (k)ΛCDM at early times, i.e. at
redshifts upwards of z = 10 – 100. Therefore, a fit involving only BAO and CMB measurements
must yield the same result for (k)bigravity or (k)ΛCDM; we have verified this as well. Following
the argumentation of Ref. [186], one can interpret this as the Vainshtein screening kicking in for
large densities (large redshifts).
Finally, we discuss our choice of sampling the parameters B1,2,3 , fixing the redundant parameter
α. As we have seen, the results do not converge on the interval we are probing. However, we will
now recall the discussion of perturbative stability at early times. In this light, our results should be
interpreted as implementing the choice α = 1. As shown in Ref. [181], for α  1 and the Bi within
the same order, the instability of linear perturbations can be shifted to very early times. By the
rescaling invariance of the combination of parameters α−i Bi , an equivalent cosmology is given by
the choice α = 1 while B1  B2  B3 . Clearly, for e.g. α = 10−17 , this is not accommodated by
our choice of priors. However, we have also implemented a search for solutions of this type through
logarithmic sampling; we do not find a statistically relevant cosmological fit for such a choice of
parameters. This is easily understood when looking at the master equation Eq. (5.3.14): for a large
hierarchy between the Bi , these parameters need to be tuned to a high degree in order to allow for
a dynamical solution of the master equation.
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5.5.5 Conformal Gravity
Previous works on cosmological fits in CG can be found in Refs. [151, 249–251]. The first of these
references uses SN data as standard candles; Ref. [249] uses SNe and GRBs as standard candles;
Ref. [250] uses supernovae as standard candles and H(z) measurements. In Ref. [251] the model
parameters are fixed to the best fit values of Ref. [151] and extrapolated to GRB and quasar data
to account for the statistical evidence of these model parameters.
In the present work, we utilise the SNe and quasars data sets for an up-to-date assessment of the
viability of CG cosmology compared to the base ΛCDM model. Note that we do not include the
CMB measurements in this section, since the Planck analysis is based on a flat ΛCDM cosmology,
and CG cosmology does not reduce to the concordance model at high redshift. For similar reasons,
we exclude also the BAO data set. In this case, a careful treatment of the calculations of the drag
epoch zd and the comoving sound horizon cs (z) (cf. Tab. 5.1 in Sec. 5.4) are required, a task which
is beyond the scope of this work. Note that in this fit, the Hubble parameter remains unconstrained,
as our SN and quasar samples are not calibrated in absolute magnitude.
As explained in Sec. 5.3.3, we use Eq. (5.3.33) as the Friedmann equation valid for low redshifts.
Hence, we choose Ωk = 1 − ΩΛ as free model parameter which can be tested by the SN+Q data
set. The results are presented in Fig. 5.8 (see also Table 5.2). Under consideration of only SN
data, CG is disfavoured with respect to ΛCDM and becomes strongly disfavoured if quasars are
included in the analysis. The best fit value for the joint analysis of SNe and quasar data is Ωk =
+0.015
0.850+0.070
−0.081 . This value for Ωk agrees well with the results of Ref. [249] which find Ωk = 0.836−0.022 .
However, Refs. [151, 250] find smaller values, Ωk ≈ 0.63 and Ωk = 0.67 ± 0.06, respectively. These
deviations may be caused by the difference in the data sets which are considered. In particular, the
observational data considered in Ref. [249] and in this work reaches out to higher redshifts z ∼ 6
compared to the data considered in Refs. [151, 250].
Under the above considerations we are led to the conclusion that the cosmological model obtained
from CG as outlined in Sec. 5.3.3 is strongly disfavoured with respect to the baseline ΛCDM cosmology.
As we have outlined in Sec. 5.3.3, CG has the unique feature that Ωk can also be tested by
galactic dynamics and we find that this impairs the viability of CG further. To be more precise,
the relation in Eq. (5.3.36) enables us to independently infer the value of Ωk from galactic rotation
curves. For instance, the result of Ref. [222] is
γ0 = 3.06 · 10−30 cm−1

⇒

Ωk = 4.12 · 10−4 ,

if it is assumed that CG addresses the missing mass problem of galaxies without invoking a dark
matter component. This result was obtained from a fit of galactic rotation curves of 207 galaxies.
A severe tension of the above value for Ωk with our results obtained from cosmological data is
manifest, cf. Tab. 5.2. It is clear that the observed galactic dynamics demand a significant smaller
value of Ωk (or equivalently γ0 ) than the observations on cosmological scales which we consider in
this work. Hence, if it is assumed that CG explains galactic rotation curves without dark matter,
a consistent reconciliation of both phenomena seems unlikely. In fact, we have performed a joint
analysis of cosmological and galactic data which is based on the relation in Eq. (5.3.36) and we
did not find sensible results. Furthermore, we can confirm that we find a similar value of γ0 as
in Ref. [201] from our own analysis of the SPARC rotation curve data set. These considerations
allow us to make the statement that CG is not able to address the missing mass problem without
invoking dark matter and to account for a viable cosmological evolution simultaneously. However,
with a dark matter component present as in ΛCDM one has to take only the constraints imposed
by cosmology into account.
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model

ΛCDM

kΛCDM

wΛCDM
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parameter

SN

SN+Q

SN+Q+BAO

SN+Q+BAO+CMB

Ωm

0.296+0.030
−0.028

0.311+0.028
−0.027

0.292+0.013
−0.012

0.3081+0.0063
−0.0057

100 Ωb

4.71+0.93
−0.87

4.74+0.96
−0.87

4.82+0.13
−0.13

4.85+0.05
−0.05

H0 [ km/s
Mpc ]

68.6+7.4
−6.0

68.4+7.3
−6.0

67.86+0.94
−0.93

68.04+0.43
−0.44

BIC

−447

2722

2850

2825

Ωm

0.21+0.10
−0.10

0.36+0.049
−0.050

0.307+0.017
−0.017

0.302+0.006
−0.006

ΩΛ

0.55+0.19
−0.19

0.80+0.10
−0.10

0.775+0.051
−0.054

0.698+0.006
−0.006

100 Ωb

4.77+0.93
−0.89

4.68+0.94
−0.84

4.39+0.36
−0.34

4.80+0.09
−0.09

H0 [ km/s
Mpc ]

68.2+7.5
−5.8

68.9+7.2
−6.1

71.1+2.9
−2.8

68.60+0.63
−0.63

∆BIC

+6

+6

+6

+6

Ωm

0.173+0.110
−0.096

0.335+0.064
−0.073

0.312+0.018
−0.018

0.304+0.009
−0.008

ΩΛ

0.45+0.35
−0.21

0.82+0.24
−0.23

0.899+0.069
−0.072

0.695+0.009
−0.009

100 Ωb

4.68+0.94
−0.85

4.76+0.91
−0.91

4.61+0.42
−0.35

4.74+0.14
−0.14

H0 [ km/s
Mpc ]

68.8+7.3
−6.0

68.3+7.6
−5.7

69.3+2.8
−2.9

68.73+0.97
−0.96

w

+0.32
−1.09−0.68

−0.96+0.20
−0.35

−0.821+0.054
−0.062

−1.011+0.045
−0.045

Ωm

0.319+0.059
−0.035

0.330+0.049
−0.034

0.305+0.025
−0.015

0.3016+0.0071
−0.0063

100 Ωb

4.67+0.91
−0.82

4.7+0.95
−0.85

4.64+0.21
−0.39

4.66+0.11
−0.10

H0 [ km/s
Mpc ]

68.9+7.0
−5.9

68.7+7.2
−6.1

69.2+3.1
−1.6

69.17+0.71
−0.78

B1

53+32
−34

53+34
−33

53+32
−35

44+29
−23

B2

−40+49
−40

−48+52
−35

−53+47
−32

−55+35
−30

+20

+23

+24

+32

∆BIC

Bigravity

B3
∆BIC

kBigravity

−21+73
−53

+14

−24+70
−51

+7

−24+73
−52

+13

−41+51
−40

Ωm

0.24+0.12
−0.11

0.386+0.069
−0.059

0.317+0.024
−0.020

0.2974+0.0068
−0.0071

ΩΛ

0.53+0.18
−0.17

0.780+0.092
−0.107

0.755+0.053
−0.058

0.7056+0.0079
−0.0076

100 Ωb

4.84+0.87
−0.90

4.77+0.95
−0.89

4.24+0.39
−0.39

4.70+0.11
−0.11

H0 [ km/s
Mpc ]

67.8+7.2
−5.5

68.3+7.3
−6.0

72.4+3.5
−3.2

69.23+0.77
−0.72

B1

52+32
−32

53+34
−35

47+35
−33

49+32
−29

B2

−43+50
−41

−46+53
−37

−58+45
−28

−41+29
−33

+26

+30

+30

+29

B3
∆BIC

CG

+13

−18+73
−57

−25+76
−53

−24+74
−54

−36+45
−44

Ωk

0.772+0.081
−0.068

0.850+0.070
−0.081

–

–

100 Ωb

4.51+0.83
−0.73
70.0+6.6
−5.6

4.32+0.67
−0.57
71.6+5.4
−4.9

–

–

–

–

+9

+56

–

–

H0 [

km/s
Mpc ]

∆BIC

Table 5.2: Summary of the results in the different model as discussed in Sec. 5.5. The BIC in ΛCDM is
given in absolute numbers, while all others are relative w.r.t the ΛCDM best fit. The color
indicates the statistical significance: strong support (∆BIC < −12), favourable (∆BIC < −6),
inconclusive (∆BIC < 6), disfavoured (∆BIC < 12), strongly disfavoured (∆BIC ≥ 12) with
respect to ΛCDM; see the Sec. 5.4.6 for details.
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Figure 5.1: Marginalised 1D and 2D posterior distributions for ΛCDM for all cosmological and nuisance parameters for SNe (green), SN+quasars (blue) and combined SN+quasars+BAO+CMB (black)
data sets, also including the Gaussian prior on Ωb h2 . The SN data alone does not constrain
the quasar nuisance parameters β 0 and δ, while the inclusion of quasars has only little effect
on the SN nuisance parameters. Notice also that there is no significant correlation between
the nuisance and cosmological parameters. See Sec. 5.4 for the definitions of all nuisance
parameters.
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Figure 5.4: Results in wΛCDM. Left: Hubble diagram of the combined fit using all available data sets.
Right: Posterior distribution of model parameters with marginalised auxiliary parameters (including BBN prior). SN+Quasars (blue), BAO (red), CMB (orange), combined (black).
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Figure 5.5: Results in bigravity with flat geometry. Left: Hubble diagram of the combined fit using all
available cosmological data sets. The inset shows the best fit values of B1,2,3 and the physical
graviton mass as given by Eq. (5.3.24). Right: Posterior distribution of model parameters with
marginalised auxiliary parameters (including BBN prior). SN+quasars (blue), BAO (red),
CMB (orange), combined (black).
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Figure 5.6: Results in bigravity with curvature. Left: Hubble diagram of the combined fit using all available
cosmological data sets. The best fit values of B1,2,3 and the physical graviton mass are shown
as an inset. Right: Posterior distribution of model parameters with marginalised auxiliary
parameters (including BBN prior). SN+quasars (blue), BAO (red), CMB (orange), combined
(black).
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Figure 5.7: Ratio of Hubble parameter H(z) in (open) bigravity over (open) ΛCDM . The cosmological
parameters have been set to the best fit (considering all data sets) of the respective bimetric
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5.6 Conclusions and outlook
In this chapter we have studied a combined analysis of standard candles and standard rulers to
account for the viability of six cosmological models: flat ΛCDM, ΛCDM with curvature, ΛCDM
with curvature and dynamical dark energy, bigravity, bigravity with curvature and conformal gravity
(CG) cosmology. To this end, we have employed various data sets in the form of the joint light-curve
analysis SN compilation, measurements of the BAO scale in the large scale structure, and the CMB
measurement of the acoustic scale. In addition, we have extended this list for the first time by quasar
measurements, which only recently have been proposed to serve as standard candles [143, 144].
Although these measurements are afflicted with large uncertainties, they add many new standard
candles at a previously unprobed range of high redshifts 1 . z . 6 (complementary to the SN
measurements at lower redshifts z . 1 and the CMB measurements at very high redshift). This
enables us to test cosmological models on a wider range of scales, and thus to estimate cosmological
parameters better. Recently, the same quasar data set has been utilized to test the ΛCDM model
and its parametric extensions in Ref. [145], albeit not in conjunction with SN measurements. The
analysis therein draws similar conclusions to the ones presented in this study.
Utilising the flat ΛCDM concordance model, we established the robustness of our methods by
comparing our results to the literature. Considering our data sets, we have found in all cases that the
modifications kΛCDM and wΛCDM are not favoured with respect to the concordance cosmology,
with the latter even being strongly disfavoured. In both cases the deviation from a flat ΛCDM
universe is small, i.e. close to flat and the equation of state is w ≈ −1, if the complete data set is
considered. Furthermore, the remaining cosmological parameters converge to values close to those
found in ΛCDM and no alleviation to the H0 tension is present in these models.
Moving on to bigravity, our results show that the best fit cosmologies in this framework closely
approximate ΛCDM. The differentiation between bimetric theory and concordance cosmology is
irrelevant at the time when CMB and BAO are set. At smaller redshift, where deviations from
ΛCDM are expected, bigravity is not able to improve the fit, and is strongly disfavoured from a
statistical point of view – irrespective of the geometry which is assumed (flat or with curvature).
Similarly, definitive conclusions can be drawn for CG cosmology. While the SN data alone already
suggests that CG is disfavoured with respect to ΛCDM, testing the model at higher redshifts with
quasar measurements impairs the viability further. In addition, the curvature parameter we deduce
from our results is in considerable tension with results from galactic surveys, if CG is also to account
for the missing mass in galaxies without the addition of dark matter. This leaves no other conclusion
than discarding this version of CG, where no dark matter in the universe is assumed, to describe
both galactic and cosmic dynamics.
We hope that our results might hint to new avenues for cosmological model building based on
modifications of GR. To this end, we give a transparent description of our methodology in Sec. 5.4
in conjunction with our code publicly available at [223] including the aforementioned quasar data
set.
We stress that our approach is solely focused on the level of the background cosmology, and that it
would be desirable to extend this study to the computation of primordial temperature fluctuations.
In this way, the cosmological models could be confronted with the measurement of the full CMB
spectrum.
As far as CG is concerned, such an analysis is at present not available owing to the fact that
it involves higher-order equations which render the computations much more involved than the
standard ΛCDM case. For the case of bigravity, we refer to the discussion in Sec. 5.3.2. In summary,
also in this case a full analysis of the cosmological perturbations remains as an open question.

6

Going Beyond: The Standard Model

As we have seen in Chapters 2 and 5, the discrepancies between observations and the sum of GR
plus the SM can motivate theories which modify gravity. However, current analyses find that the
cosmological concordance model is the best fit to observational data, a result which we have also
reproduced in Chapter 5. Thus, we now set aside modified gravity models, and assume ΛCDM as
the base cosmological model. In this case, the most pressing question is that of the nature of DM,
which we will investigate in the following. We will briefly review various DM candidates found in
the BSM literature, and set up an analysis of a wider class of DM models, which will be carried out
in detail in Chapter 7. However, before moving on to extensions of the SM, let us review whether
there are viable options of known physics which could comprise the DM.

6.1 DM from known Physics
As we have noted already in Chapter 2, the evidence in favour of DM can be grouped into two broad
phenomenological categories of astrophysical (e.g. galactic rotation curves, galaxy velocity dispersion, gravitational lensing) and cosmological (CMB spectrum and structure formation) nature. In
theory, the solution to the DM problem on cosmological scales may be decoupled from astrophysics,
and we may first ask if the small scale structures of the universe can be explained with standard
baryonic matter. The physics of stellar dynamics provides us with possible candidates in the form
of massive compact halo objects (MACHOs). By definition, this is any astronomical body which
emits little or no radiation, for examples faint dwarf stars, planets, and black holes. Extensive
experimental searches have been conducted on the abundance of MACHOs in galactic halos using
microlensing. These observations rule out MACHOs as the prime component in DM halos, as they
find that faint stars only form less than 1 % of mass density of the Milky Way halo mass [252–254]
and less than 8 % within the Large Magellanic Cloud [255–257]. In addition, simulation show that
MACHOs as DM would produce an overabundance of heavy elements [258].
A related and still open alternative are primordial black holes (PBHs) as DM [259, 260]. Through
gravitational collapse of density fluctuations in the early universe, clusters of PBHs with masses of
order (10−2 – 103 ) M and broad mass distributions can be generated. However, we take note that
they require a production mechanism set during inflation, and are thus not firmly set on established
dynamics of base ΛCDM. Such PBH clusters may be tested in the future by microlensing, CMB,
tests of large scale structures and a signature of a stochastic background of GWs.
Moving away from DM in the form of astrophysical objects, we turn towards particle DM. In this
category, let us briefly review two contenders of SM physics which have been considered to comprise
the DM.
The three neutrino species in the SM are electrically neutral and feebly interacting, and therefore a
prime candidate. However, as pointed out already in Chapter 2, their low mass specifies them as hot
DM, which leads to matter clusters of scales much larger than those observed [26]. Additionally,
neutrinos are fermions, and the construction of massive halos from fermions is generally limited
by the available phase-space. A simple bound can be derived from the density of states of a free
degenerate fermion gas. For a spherically symmetric halo of mass M and radius R, this is quantified
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as
g m4f DM
(2π~)3

≥

M

1

4π 3 4π 3
3 R 3 v

(6.1.1)

which limits the mass of any fermionic DM candidate mf DM given its number of d.o.f. g and the
characteristic velocity of DM particles v. A slightly refined statement is given by the TremaineGunn bound [261], which also takes into account the evolution of the phase-space density. In either
case, analysis of the phase-space distributions in dwarf spheroidal galaxies lead to a lower bound
mf DM ≥ 400 eV, firmly excluding neutrinos in the SM as DM candidates [262].
As an alternative within the SM, one may consider metastable bound states of QCD. A recent
example of interest is the uuddss-hexaquark, discussed as a cold DM candidate in Refs. [263–267].
While one is able to reproduce the DM abundance if its mass lies at about 1.2 GeV, it is not possible
to bring its phenomenology in agreement with observations, e.g. of stable nuclei, stability of neutron
stars and supernova timing.

6.2 Particle DM beyond the SM
Therefore, as the SM appears unable to provide a suitable DM candidate, it is a sensible assumption
to extend it with a new particle sector. We denominate such an extension a Dark Sector (DS), as it
comprises the DM particle(s). Because we haven’t observed such a sector as of yet, schematically,
there are two possibilities:
• the lightest states in the DS are massive enough such that the mass gap has not (yet) been
overcome by terrestrial experiments and observed astrophysical phenomena.
• the mass gap of the DS is low enough, but the interactions with the SM are too feeble to
produce such states.
An example in the first category are heavy, weakly interacting massive particles (WIMPs). In
the minimal setup, their interactions with the SM are mediated by the massive electroweak gauge
bosons or the Higgs portal, and the correct relic density is reproduced if a WIMP exists with a
mass of O(ΛEW ). This renders it a very attractive and well-testable DM candidate, and the WIMP
proposal has been subject to a wide range of experimental searches. Under these tests, a WIMP
interaction mediated by a SM portal is substantially prohibited unless the mass exceeds currently
testable ranges (for recent reviews, see Refs. [268] and [269]).
On the other hand, axions or axion-like particles (ALPs) can be placed firmly in the second
category. The possible mass range of ALPs as DM spans from 10−22 − 10−2 eV, but their interaction with the SM is mediated by operators of dimension five and higher. Many efforts have been
dedicated to probing these portal interactions, placing bounds on the suppressing scale fa in excess
of 1010 GeV [270, 271].
Finally, we mention theories with a parameter space which allows them to be placed in either
category. A widely studied class are composite states of DS with confining dynamics. These models
are often constructed in analogy to QCD, however with a free choice for the representations of the
DS states under the dark confining force. The DM may be comprised of dark mesons or baryons

with masses in the vicinity of the DS confinement scale, which is allowed to be O 10−2 − 104 GeV
[272–274]. A similar possibility is that the DM may consist of dark glueballs with masses in the
range 100 MeV to 1 TeV [275–279]. Either of these setups can be realised s.t. the DM candidate
escapes production at colliders due to its high mass, or alternatively with a low mass gap which
can only be probed via higher dimensional portal interactions.
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In the case that the DM is not hidden behind the energy frontier, we can use currently available
searches to quantify its properties and set bounds on the mediating portal interactions. In the
following, we will investigate the class of models characterised by a low mass gap and irrelevant
portal interaction to the SM. Our aim is to find commonalities between these DS theories, so as
to place bounds on such models in a general way. In the remainder of this chapter, we will give a
brief summary of the strategy employed in Chapter 7, and define some of the nomenclature which
we will make use of.
We reiterate that a DS candidate theory needs a long-lived DM candidate. This can be accommodated easily by a particle which is accidentally stable, i.e. protected by symmetries which are
broken only by higher-dimensional operators. A feeble interaction with the SM then translates
into having effective operators with sufficiently large EFT scale ΛUV . Complementarily, we refer to
the scale of the DM candidate as ΛIR .40 Collecting these conditions, we define the object of our
investigation: a hidden sector external to the SM with low mass gap ΛIR , coupled to the SM via the
EFT scale ΛUV , and with a large scale separation ΛUV  ΛIR . Additionally, we allow for strong
coupling within the dark sector. All of these qualities are naturally provided by a hidden sector
with an approximate conformal symmetry between ΛIR and ΛUV , and we will make ample use of
knowledge about CFTs to derive phenomenological implications.41
We thus define our DS theories of interest as any BSM sectors with approximate scale invariance
between two scales ΛUV and ΛIR . The only coupling to the SM occurs at the UV scale through
operators which are SU (3)c ×SU (2)L ×U (1)Y invariant. We do not need to specify the gauge group
or exact particle content of the DS, but instead work with the gauge invariant operators which can
be constructed from these building blocks. By keeping the definition criteria as loose as possible, we
hope to capture a large number of DS candidate theories and provide phenomenological constraints
on them, whereas conventional searches are highly specialised, with only limited extendibility to
related theories.
For example, without further specification, this study simultaneously produces bounds on QCDlike theories in the conformal window, pure Yang-Mills dark sectors, as well as theories of free
fermions as IR degrees of freedom. They are also applicable to certain BSM theories in extra
dimensions, such as Randall-Sundrum models with an IR brane. We refer to Sec. 7.3 for several
explicit examples, to which our general analysis can be applied immediately.
Before proceeding to the next chapter, we point out a historic success of the ΛIR /ΛUV detection
scheme for DS defined above: the discovery of neutrinos. The electron neutrino was postulated by
Pauli in 1930 in order salvage the concept of energy conservation in beta decays [280]. The nuclear
decay is mediated through a four-fermi interaction, which expressed in our language constitutes
a dimension-six portal. In this case, the role of the UV dynamics is taken by the heavy gauge
bosons W and Z. The mass hierarchy between the IR physics (the neutrinos) and the UV degrees
of freedom is over ten orders of magnitude. Due to the difficulty of openly producing such massive
UV states, the historic timeline follows the scheme laid out above: the neutrino was first detected
in 1956 [281], while the mediating gauge W boson could only be produced in 1983 [282, 283].
Today, we may find ourselves in a similar situation. The overwhelming experimental evidence in
favour of the cosmological concordance model has inspired us to postulate a dark matter sector.
Depending on the realisation nature has chosen, such a dark sector could be seen first through its
IR degrees of freedom, while the UV states would be probed only indirectly for the time being.
This is the motivation behind the study we will perform in the following chapter.

40
41

In doing so, we assume that the DM mass is of order of the lightest mass in the DS.
Here, we use the terms ‘conformal symmetry’ and ‘scale invariance’ interchangeably.

7

Searching for Elusive Dark Sectors
with Terrestrial and Celestial
Observations

This chapter is based on Ref. [4], with Roberto Contino and Rashmish Mishra.

7.1 Synopsis
We consider the possible existence of a SM-neutral and light dark sector coupled to the visible sector
through irrelevant portal interactions. Scenarios of this kind are motivated by dark matter and arise
in various extensions of the Standard Model. We characterize the dark dynamics in terms of one
ultraviolet scale ΛUV , at which the exchange of heavy mediator fields generates the portal operators,
and by one infrared scale ΛIR , setting the mass gap. At energies ΛIR  E  ΛUV the dark sector
behaves like a conformal field theory and its phenomenology can be studied model independently.
We derive the constraints set on this scenario by high- and low-energy laboratory experiments and
by astrophysical observations. Our results are conservative and serve as a minimum requirement
that must be fulfilled by the broad class of models satisfying our assumptions, of which we give
several examples. The experimental constraints are derived in a manner consistent with the validity
of the effective field theory used to define the portal interactions. We find that high-energy colliders
give the strongest bounds and exclude UV scales up to a few TeVs, but only in specific ranges of
the IR scale. The picture emerging from current searches can be taken as a starting point to design
a future experimental strategy with broader sensitivity.

7.2 Introduction and Motivations
As we have argued in the previous chapters, new physics beyond the Standard Model (SM) of
particle physics is well motivated from the requirement of a suitable Dark Matter (DM) candidate.
It is possible that some of the new fields reside in a light and neutral ‘dark’ sector, coupled to the SM
only through portal interactions formed by the product of one SM and one dark singlet operator.
Scenarios of this kind are predicted in various extensions of the SM and have been intensively studied
under the assumption that the portal operators have dimension 4 or less, see for example [284–287]
and references therein. In this work we analyse the more elusive dark sectors where the portal
operators are higher-dimensional and are generated at some ultraviolet (UV) scale ΛUV by heavy
mediator fields. The DM candidate might reside in the dark sector (DS) or be part of the UV
dynamics. Given the constraints on new dynamics charged under the SM set by current and past
experiments, we assume that the UV scale is larger than the electroweak scale, ΛUV & 100 GeV,
although some of our results apply to theories with a lower UV scale as well, when allowed. The
portal interactions can thus be written in terms of SU (3)c × SU (2)L × U (1)Y invariant operators.
We will adopt a broad characterization of the dark dynamics in terms of one infrared (IR) scale,
ΛIR , setting its mass gap. We assume, for simplicity, that no other parametrically different scale
exists in the theory. At energies between ΛUV and ΛIR the new dynamics is approximately conformal
and flows slowly (i.e. logarithmically) in the vicinity of a fixed point of its renormalization group.
The fixed point can be free (if the dark dynamics is asymptotically free), weakly or strongly coupled.
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JµSM

Operator

Dimension

H †H

2

Bµν

2

`H

5/2

←
→
= ψ̄γ µ ψ, H † iDµ H

3

SM = F i F α i , D H † D H, ψ̄γ D ψ
Oµν
µ
ν
µ ν
µα ν

4

OSM = ψ̄i D
6 ψ, Dµ H † Dµ H, Fµν F µν , Fµν F̃ µν , ψ̄L HψR , (H † H)2

4

Table 7.1: List of the SM gauge-singlet operators with (classical) dimension equal or smaller than 4. Here
ψ and Fµν stand respectively for any SM fermion and any SM gauge field strength.

When probed at energies ΛIR  E  ΛUV the dark dynamics can be thus described as a conformal
field theory (CFT) in terms of its composite operators. Having a sufficiently large hierarchy ΛIR 
ΛUV is the working hypothesis of our analysis. Notice that it is also a prerequisite to explain the
stability of the DM candidate as accidental, if the DM is part of the DS.
It is important at this point to ask what is the minimal structure that must be present in the dark
sector. At energies well above ΛIR , this corresponds to identifying the set of lowest-dimensional
gauge-invariant operators which define the CFT. Clearly, the CFT must at least contain some
O −4
relevant deformation Ldef = cO O/Λ∆
to break the conformal invariance in the IR and generate
UV
the hierarchy between ΛIR and ΛUV . A natural hierarchy, as we will assume in the following, implies
that, in absence of a symmetry protection, the operator O must be slightly relevant, i.e. must have
a scaling dimension ∆O = 4 −  with   1. Alternatively, one can also have ∆O . 4 if the
coefficient cO is the (only) spurion of a global symmetry and has a value cO ' (ΛIR /ΛUV )4−∆O at
ΛUV . Clearly, no scalar singlet operators with dimension much smaller than 4 can exist in a natural
dark sector since they would destabilize the hierarchy.
Our analysis will be restricted, for simplicity, to dark sectors that are unitary and local CFTs.42
DS , with
This implies that there must necessarily exist also a local stress-energy tensor operator, Tµν
scaling dimension equal to 4. Furthermore, if the dark sector has additional global symmetries,
the list of CFT operators will include the corresponding conserved currents, JµDS , with dimension
equal to 3. The CFT spectrum may contain other relevant operators, depending on the specific
underlying dark dynamics. Their presence, however, is not a robust feature implied by our general
assumptions or by symmetry arguments.
Any of the above CFT operators can appear in a portal interaction multiplied by one SM gaugesinglet operator. The lowest-lying SM operators are listed in Table 7.1. The first three have
dimension smaller than 4 and can give rise to the well-studied marginal or relevant portals. The
others necessarily appear in irrelevant portals. We will focus on the portals that can be constructed
DS and those of Table 7.1. These are:43
with the CFT operators O, JµDS , Tµν
OH † H,

OOSM ,

µ
JµDS JSM
,

DS µν
Tµν
OSM .

(7.2.1)

Dimensional analysis suggests that the portal OOSM is less important than the Higgs portal OH † H.
One can consider UV theories where OH † H is generated with a suppressed coefficient, though
42

The flow near complex, non-unitary CFTs has been conjectured in Ref. [288] to correspond to the Walking
Technicolor regime, see also Ref. [289]. It would be interesting to investigate how our analysis gets modified when
the theory flows near one such complex CFT.
µ
µ
43
The portals JµDS ∂ν Bµν and ∂µ OJSM
can be rewritten in terms of respectively JµDS JSM
and OOSM by using
the SM equations of motion.
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notice that, in general, OH † H is radiatively induced from OOSM at the 1-loop level, so the relative
suppression cannot be smaller than a SM loop factor. This might be enough for OH † H to still
give the leading effects. An important exception is when O is an axion field with an associated
Peccei-Quinn shift symmetry and OSM = Gµν G̃µν . In the case of the QCD axion, neither OH † H
nor any potential for O is generated above the QCD scale. A hierarchy ΛIR ∼ Λ2QCD /ΛUV is instead
generated by O2 after QCD confinement. Depending on the UV dynamics, additional portals of the
type OOSM can be present, with OSM = Fµν F̃ µν or ψ̄L HψR . Apart from the special and thoroughly
studied axion case, the portal OOSM usually plays a subleading role compared to OH † H.44 We
will neglect it in the following and focus on the remaining three portals.
Notice that, while portals involving the Higgs boson, the Z or the top quark require values of ΛUV
larger than the EW scale to be consistently defined, those featuring only light quarks and leptons
can in principle be generated at much smaller scales provided the UV mediators do not have O(1)
SM charges and elude current experimental searches. This implies that some of the bounds we will
derive are of interest even though they probe values of ΛUV well below the EW scale.
We define our portal Lagrangian between the dark and SM sectors schematically as:
Lportal =

κO
O H †H
∆O −2
ΛUV

+

κJ DS µ
κT µν SM
J J
+
T O
,
Λ2UV µ SM Λ4UV DS µν

(7.2.2)

where κO , κJ and κT are dimensionless coefficients. Our notation here is schematic since, as
SM and J µ .
discussed later, different couplings may be introduced for different SM operators Oµν
SM
The coefficient κO cannot be too large otherwise the hierarchy would be destabilized. Indeed, by
contracting the two Higgs fields in a loop, the Higgs portal in Eq. (7.2.2) induces a radiative UV
correction to the relevant deformation Ldef . The hierarchy does not get destabilized provided that


ΛIR 4−∆O
2
κO . 16π
(UV threshold) .
(7.2.3)
ΛUV
An additional contribution to Ldef is generated at the electroweak scale, i.e. when H acquires a vev
v; this leads to the condition


Λ2IR ΛIR 2−∆O
(EW contribution) .
(7.2.4)
κO . 2
v
ΛUV
In most of the parameter space (i.e. for ΛUV > 4πv), this constraint is weaker than that of
Eq. (7.2.3), although the latter may be avoided if some UV mechanism is at work which tunes
cO to be small at ΛUV . Similar considerations apply to the coefficient of OOSM , which is subject to
a bound analog to Eq. (7.2.3). Furthermore, if OSM = q̄L HqR , the portal OOSM gives an additional
contribution to Ldef at the QCD scale from the quark condensate. One can also envisage a scenario,
as done in Ref. [290], where κO (or the coefficient of OOSM ) saturates its upper bound, and the
hierarchy is generated by the portal interactions themselves.45
In this study we focus on elusive dark sectors that feature the portals of Eq. (7.2.2). These are
minimal scenarios as, in general, additional portals may be present. We derive general constraints
on these theories from laboratory experiments and astrophysical data by making use only of the
general features of the dark dynamics, without relying on its specific details. More explicitly, our
analysis will exploit the high-energy conformal regime and the fact that the lightest dark state has
mass of order ΛIR (as implied by the absence of other infrared scales in the dark sector). Our results
44
One exception arises if O can singly excite a CP-odd resonance, whose decay will proceed through the OFµν F̃ µν
portal and not through OH † H. This is the case of CP-odd glueballs in a pure-YM dark sector; we thank Alessandro
Podo for pointing this out. Notice that if, as in the previous example, O has dimension 4, then the constraints on
DS µν
OOSM are expected to be similar to those on Tµν
OSM discussed in this work.
45
Ref. [290] studied the cosmology of dark sectors where the hierarchy is generated by OH † H or Oq̄L HqR . The
1-loop UV corrections to ∆L was neglected.
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will be conservative and can be improved if a full theory is defined explicitly. Indeed, knowing the
IR behaviour of the dark dynamics allows one to perform complete rather than just approximate
calculations of rates and cross sections, and thus to derive stronger constraints. Furthermore, as
discussed in section 7.4, effective operators generated by the exchange of UV degrees of freedom
and made of SM fields alone can lead to constraints on ΛUV that are stronger than those obtained
from our analysis (but are opaque about the details of the underlying DS). These effects have been
thoroughly studied in the literature and several systematic analyses have been performed. In this
work we will provide a conservative characterization of these constraints by estimating the smallest
value of the effective coefficients compatible with the existence of our portal interactions.
Our approach is not entirely new and in fact has some overlap with previous studies on Hidden
Valleys and on the phenomenology of conformal field theories. The scenarios that are referred to
as Hidden Valleys are similar to those we consider in this study: new confining dynamics with low
mass scale is assumed to couple to the SM through some irrelevant portal, generated for example by
heavy mediators [291]. This possibility was envisaged before the beginning of the LHC operation,
pointing out that the energy increase provided by the LHC could have been enough to climb over
the barrier separating us from the Hidden Valley if the mediators have mass of order a few TeVs. In
that case, the mediators can be produced on shell and decay copiously to the hidden hadrons with
spectacular experimental signatures. The LHC data collected at Run1 and Run2 have discovered no
new particles and suggest that, if realized at all in nature, these scenarios must be hidden from us
through a higher barrier. In this work we thus assume that the mediators are sufficiently heavy to
be out of the direct reach of the LHC, and ask if we can test the existence of the dark sector, i.e. the
hidden sector with low mass scale. Hence, while the theories studied in this chapter have a large
overlap with Hidden Valleys (though, notice, we do not assume the dark sector to be necessarily
strongly coupled and confining), our approach and assumptions are different.
On the front of the phenomenology of conformal field theories, there is a vast literature on ‘unparticle’ physics where similar experimental data were used to set constraints on the theoretical
parameter space. The question originally motivating the study of unparticles is whether new dynamics can first manifest itself and be discovered at colliders in its conformal regime [292]. We differ
from those works for the choice of the portals in Eq. (7.2.2), our thorough inclusion of experimental bounds, and for our self-consistent use of effective field theory techniques. Furthermore, while
unparticle studies assume that the CFT degrees of freedom are stable on distances relevant for the
analysis, we have also considered the constraints that arise when these CFT excitations decay inside
the detector with displaced vertices.
Previous studies of the phenomenology of dark sectors coupled to the SM through irrelevant
portals include Refs. [275, 276, 293–304]. While these papers have some aspects in common with
our work and some of their assumptions are similar to ours, we believe that our approach is original
and our analysis extends previous results. We will focus on laboratory experiments and astrophysical
observations that can test and set limits on elusive dark sectors. An additional important probe
comes from cosmology, and a study in this direction has been performed in Ref. [290].
The outline of this chapter is as follows. In Section 7.3 we illustrate some examples of elusive dark
sectors, exhibiting their UV completion. Sec. 7.4 explains our strategy and estimates the effects
from DS virtual effects and DS production. Three possible experimental manifestations of the
DS excitations, in the form of missing energy, displaced decays and prompt decays, are discussed,
and the validity of the effective field theory is analysed. The bounds from terrestrial experiments
and celestial observations are derived in Sec. 7.5. We analyse: resonant and non-resonant DS
production at high-energy colliders; high-intensity experiments; stellar evolution and supernova
energy loss; positronium decays; fifth-force experiments; and electroweak precision tests. We draw
our summary and conclusions in Sec. 7.6. The appendix includes useful formulas on two-point
correlators (B), additional details on a 5D Randall-Sundrum dark sector (C), and formulas for the
probabilities used to compute the rate of displaced decays (D).
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7.3 Examples of Elusive Dark Sectors
Although our analysis will be model independent and will not make reference to the underlying
dark dynamics, it is useful to discuss a few specific models that can serve as benchmark examples.
In this section we will thus consider four different kinds of dark sectors and specify the mediator
fields that generate their portal interactions.

7.3.1 Pure Yang-Mills dark sector
One of the simplest and most motivated example of dark sectors is pure Yang-Mills (YM) dynamics.
Models of this kind have been considered in the context of glueball DM [278], and can arise as
the low-energy limit of theories of accidental DM with dark fermions heavier than the dynamical
scale [274]. Their mass gap is generated dynamically at dark confinement and the lightest states
in the spectrum are the dark glueballs. Consider as an example the L ⊕ N model of Ref. [274],
defined in terms of one Dirac fermion L and one Majorana fermion N transforming as fundamental
representations of an SO(NDC ) dark color group. Under the SM gauge symmetry, N is a singlet
while L transforms as a 2−1/2 of SU (2)EW × U (1)Y . The Lagrangian (in 4-component notation) is:
1
1
µν
+ L̄(i6D − mL )L + N̄ (i6D − mN )N
2 Gµν G
2
4gDC

− yL N̄ PL LH + yR N̄ PR LH + h.c. ,

∆L = −

(7.3.1)

where G is the dark gluon field and PL,R are left and right projectors. The theory has an accidental
dark baryon parity that makes the lightest baryon cosmologically stable and a potential DM candidate [274]. If both mL and mN are larger than the dark dynamical scale ΛDC , then the low-energy
dark sector consists of a pure YM dynamics, while the DM candidate resides in the UV sector.46
Integrating out the heavy fermions at 1-loop generates the dim-6 and dim-8 operators
αDC (ΛUV )
(|yL |2 + |yR |2 )
4π

Gµν G µν H † H

κO ∼

Gµν G µν Wαβ W αβ , Gµα Gνα Wβµ W βν

κT ∼ αDC (ΛUV )α2 (ΛUV )

(7.3.2)
(7.3.3)

where ΛUV ∼ mL , mN . There are two kinds of light states in this model: CP-odd and CP-even
glueballs. While the latter can decay through the dim-6 portal, CP-odd glueballs can only decay
through the dim-8 one and their lifetime is longer.
As another example of a theory that leads to a pure YM dark sector, consider an SU (NDC )
theory with massive fermions ψ transforming as the adjoint representation of dark color and as a
30 of SU (2)EW × U (1)Y [305]. Since ψ does not have Yukawa couplings to the Higgs, integrating it
out does not lead to any dim-6 operator at 1-loop. Therefore, this theory has only the dim-8 portal
of Eq. (7.3.3). The DM candidate in this case is the gluequark, a bound state made of one dark
quark and dark glue. It is cosmologically stable due to an accidental dark parity, has mass of order
mψ  ΛDC and thus resides in the UV sector.

7.3.2 Strongly coupled dark sector
Another interesting limit of the theory defined by Eq. (7.3.1) is when the doublet is heavy, mL 
ΛDC , while the singlet is light with mass of order of the dynamical scale, mN . ΛDC . In this case the
dark sector is a strongly coupled SO(NDC ) theory with one Majorana fermion in the fundamental
representation. The spectrum of lowest-lying states contains dark baryons (the lightest of which is
46
For example, if mL > mN > ΛDC then the lightest dark baryon, i.e. the DM candidate, is a bound state of N
with spin NDC /2 and mass ∼ NDC mN [274].
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accidentally stable and thus a DM candidate) and mesons. Integrating out the heavy doublet at
tree level generates dim-5 and dim-6 portals (ΛUV ∼ mL ):
N̄ PL N H † H + h.c.
←
→
N̄ γ µ γ 5 N H † iDµ H

∗
κO ∼ yL yR

(7.3.4)

κJ ∼ (|yL |2 − |yR |2 ) .

(7.3.5)

The dark current appearing in the dim-6 portal is purely axial, as a consequence of N being a
Majorana fermion. Equation (7.3.5) thus gives N an axial coupling to the Z boson. A similar
model with SU (NDC ) dark color group and a vectorlike (complex) representation for N would give
an additional portal with a vectorial current, hence a vectorial coupling to the Z. Such vectorial
coupling is strongly constrained by direct detection experiments if dark baryons made of N are
the DM (see for example Ref. [274]). In the model of Eq. (7.3.1), the scattering of DM off nuclei
via Z exchange has a spin-dependent cross section, as a consequence of the axial coupling. The
corresponding bounds are weaker, though not negligible (see [306]). The strongest constraint holds
for DM masses in the range 10−100 GeV and requires mL to be larger than a few TeV for Yukawas of
order 1. For lower DM masses, the bound becomes much weaker and sizable Yukawas are allowed for
mL above the weak scale. The DM can scatter also via a Higgs exchange, with a spin-independent
cross section. The corresponding bounds are slightly stronger than those from the Z exchange, but
also disappear for DM masses smaller than ∼ 10 GeV (see [307]). They can be evaded for any value
of the DM mass if one of the Yukawa couplings vanishes or is very small. This would still allow for
a large κJ in Eq. (7.3.5).

7.3.3 Dark sector with free fermions
Another interesting example of dark sector is a theory of free fermions. As a first UV completion,
consider a theory where (B − L) is gauged by Xµ and spontaneously broken at high scale by a scalar
field φ with (B − L) charge −2. To make (B − L) anomaly free we introduce three left-handed
neutrinos Ni with (B − L) charge −1. We impose a Z2 symmetry under which the Ni are odd in
order to forbid their Yukawa couplings to the Higgs field and make them stable. In two-component
notation, the Lagrangian for the new fields reads
3

X †
1
∆L = − 2 Xµν X µν +
Ni i(∂µ − iXµ )σ̄ µ Ni + |Dµ φ|2
4gX
i=1
+

X

[ψSM ] †
qB−L
ψSM Xµ σ̄ µ ψSM

3
X
−
(yi Ni Ni φ + h.c.) − λφ (φ† φ − vφ2 )2 ,

(7.3.6)

i=1

ψSM
[ψ

]

SM
where ψSM are the SM fields and qB−L
is their charge under (B − L). When (B − L) gets
√
p
spontaneously broken, all new fields acquire mass (mNi = yi vφ , mφ = 4 λφ vφ , m
pX = 2 2gX vφ ).
We assume that the Ni are much lighter than Xµ and φ, and thus take yi  gX , λφ . Integrating
out Xµ at tree level generates the dim-6 portal (ΛUV ∼ mX )
X †
[ψSM ] 2
ψ̄SM γµ ψSM
ψ̄Ni γ µ γ 5 ψNi
κJ ∼ qB−L
gX ,
(7.3.7)

i

where ψNi are Majorana fermions in 4-component notation. Searches performed at the LHC for a
Z 0 decaying into leptons and jets set rather stringent lower bounds on the mass of the mediator Xµ ,
of order 1 − 5 TeV for O(1) couplings gX [308–311].
As another example, consider a theory with one SM-neutral Majorana fermion χ and one scalar
φ with hypercharge −1. If χ and φ are odd under an exact dark parity, the Lagrangian is
1
∆L = (Dµ φ)† (Dµ φ) + χ̄(i6 ∂ − mχ )χ + (y ēR φχ + h.c.) − m2φ φ† φ − λφ (φ† φ)2 .
2

(7.3.8)
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We take mφ  mχ , so that integrating out φ at tree level generates the dim-6 portal
ēR γ µ eR χ̄γµ γ 5 χ

κJ ∼ y 2 .

(7.3.9)

Thanks to dark parity, χ is absolutely stable, while φ decays to eR χ̄ through its Yukawa coupling.
This theory is similar to a simplified supersymmetric model with neutralino and selectron, where χ
plays the role of the neutralino and φ of the selectron. This suggests that searches for supersymmetry
at LEP can set limits on the mass of the mediator φ, in particular those looking for slepton pair
production followed by the decay to electron plus neutralino (see [312] and references therein). The
lower bound on mφ is expected to be of order 100 GeV or smaller, depending on the mass of χ.
A final example of UV completion is a theory with a single Dirac fermion ψ coupled to a real
scalar field S, both neutral under the SM gauge group.47 The Lagrangian is assumed to be invariant
under a chiral parity ψ → γ 5 ψ, S → −S, and it reads
1
L = ψ̄i6 ∂ψ + (∂µ S)2 − y ψ̄ψS − λS (S 2 − vS2 )2 − λSH S 2 H † H .
2

(7.3.10)

The
√ scalar potential gives S a vev and breaks the chiral parity spontaneously. Assuming mS =
4 λS vS  mψ = yvS implies at low energy a dark sector with one free Dirac fermion. Integrating
out S at tree level generates a dim-5 Higgs portal
ψ̄ψH † H

κO ∼

mψ
λSH yvs
= λSH
,
mS
mS

(7.3.11)

as well as the operator OH = [∂µ (H † H)]2 with coefficient cH ∼ λ2SH vs2 /m4S . The value of κO satisfies
the naturalness bounds (7.2.3),(7.2.4) as long as λSH < min(16π 2 , m2S /v 2 ). Differently from the
strongly-coupled dark sector discussed above, in this theory there is only one spurion (i.e. mψ )
breaking the chiral parity, and κO automatically bears a suppressing factor mψ /mS ∼ ΛIR /ΛUV .
The operator OH implies a universal shift in the Higgs couplings of order δg/g ∼ (λSH /λS )2 (v/vS )2 ,
which can be sufficiently small if λSH  λS and/or v  vS .

7.3.4 5D Randall-Sundrum Dark sector
Finally, let us discuss a 5-dimensional example of dark sector that is dual to a strongly-coupled 4dimensional theory. Consider a Randall-Sundrum theory [316] with the full SM sector localized on
the UV brane and only gravity propagating in the bulk and on the IR brane. We add the following
boundary action on the UV brane:


Z
√
1
µν
d4 x −g M02 R + 2 Rµ5ν5 TSM
.
(7.3.12)
ΛUV
The first term, with M0 ∼ MPl , sets the strength of the gravitational interaction at low energy,
so that one can assume ΛUV ∼ M5 , k  MPl , where M5 and k are respectively the 5-dimensional
Planck mass and the AdS curvature. The UV brane gives an effective description of the dynamics
at energies smaller than ΛUV , and in fact the model can be thought of as the low-energy effective
limit of a multi-brane RS theory [317]. The dynamics in the bulk and on the IR brane, dual to the
4D CFT, play the role of the dark sector. The second term of Eq. (7.3.12) induces a dim-8 portal
interaction between the SM and the CFT in the dual theory,
κT DS µν
T T
,
Λ4UV µν SM

with κT ∼

as discussed in Appendix C.
47

See Refs. [301, 313–315] for similar, though different, models.

k3
,
M53

(7.3.13)
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7.3.5 Summary
The models discussed above provide concrete realizations of dark sectors with portal interactions
of the type considered in Eq. (7.2.2). They will serve as benchmarks in Sec. 7.4.2 and in our final
discussion of Sec. 7.6, where different constraints are analysed and compared. Table 7.2 summarizes
the models, indicating the DS content, its possible UV completions and the leading portals to the
SM. For additional models see for example Refs. [298, 300, 301, 315].
Dark Sector

UV completion

Portals

L+N model

κO , κT

V model

κT

L+N model

κO , κJ

5D RS model

κT

3 Majorana Ni

gauged U (1)B−L model

κJ

1 Majorana χ

‘slepton + neutralino’ model

κJ

model with real scalar mediator S

κO

Pure SO(NDC ) Yang-Mills
SO(NDC ) + 1 Majorana fermion
DS
Strongly coupled CFT with only Tµν

Free Fermions:

1 Dirac ψ

Table 7.2: Summary of benchmark models that serve as examples of dark sectors with irrelevant portals
interactions.
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1
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3

Figure 7.1: Cartoon of the three possible situations characterizing the energy
is probed, compared to the scales ΛUV , ΛIR .

√

s, at which the dark sector

7.4 Strategy
√
In this section we discuss how the dark dynamics can be probed using processes at energies s <
ΛUV . We can envisage three different situations, sketched in Fig. 7.1, depending on the value of
√
s. Furthermore, one can consider two broad classes of effects:
• Indirect contributions to SM processes from virtual exchange of DS or UV states
• Production of DS states.
√
Indirect effects are the only ones that can occur if ΛIR > s, as in situation 1 of Fig. 7.1. Production
of DS states, on the other hand, occurs differently in situations 2 and 3. One can imagine discovering
the dark sector through the production of a few new states upon crossing the IR energy threshold.
This is situation 2 of Fig. 7.1. On the other hand, a dark sector with low mass gap and feeble
interactions with the SM could be first observed directly in its conformal regime if one reaches a
minimum luminosity. Discovery in this case is not limited by energy, and the new states can be
produced well above threshold (situation 3 of Fig. 7.1). In what follows we estimate the relative
importance of indirect effects and DS production, and try to highlight the best strategy to probe
the dark dynamics.

7.4.1 Indirect (virtual) effects
The DS degrees of freedom can be exchanged virtually in processes involving SM external states.
This requires (at least) two insertions of the portal interactions, either at tree-level or at loop-level,
depending on the process and the portal involved. Physical amplitudes are thus written in terms
of two-point correlators of the DS operators appearing in the portal interactions. These have the
form

c  2∆−4
2∆−4
2∆−6 2
hODS (p)ODS (−p)i ∼
p
+
p
Λ
+
·
·
·
+
Λ
+ divergent terms ,
(7.4.1)
IR
IR
16π 2

for a generic DS operator ODS with dimension ∆, where c accounts for the multiplicity of DS
states. An additional contribution to the same process comes from the exchange of UV states.
This is a local effect and can be encoded by a single insertion of dim-6 operators generated at the
UV scale. The different contributions are illustrated in Fig. 7.2. The dim-6 (as well as higherdimensional) operators are in fact required as counterterms to cancel the power-law divergences
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Figure 7.2: Contributions to processes involving SM external states: virtual exchange of DS states at treelevel and 1-loop (first two diagrams from the left), contact interaction from UV-generated dim-6
operators (diagram on the right). Solid lines denote SM particles, the gray blob stands for a
DS propagator.

that arise for D > 5, where D is the overall dimension of the portal, in the two-point correlator of
Eq. (7.4.1). In the spirit of effective field theory, this is a UV threshold correction arising at the scale
←
→
ΛUV . For example, a tree-level diagram with two insertions of JµDS H † iD µ H requires a counterterm
←
→
OT = (H † iD µ H)2 to remove the quadratic divergence of the two-point correlator hJµDS JνDS i.48 We
can thus estimate a minimum value of the coefficient of a generic dim-6 operator made of n SM
fields, compatible with the existence of the portal interactions:
∆c6 (ΛUV ) ∼

n−4
gSM

κ2
c
2
ΛUV 16π 2



2
gSM
16π 2

`

(UV threshold) .

(7.4.2)

Here gSM is a generic SM coupling and ` is the number of loops at which ∆c6 is generated. For
D < 5, diagrams with two portal insertions can be made finite with counterterms already present
in the SM Lagrangian, and they do not imply any UV threshold correction. While Eq. (7.4.2) corresponds to the minimum value of the dim-6 coefficients compatible with the existence of the portal
interactions, an additional and possibly larger contribution can arise from the virtual exchange of
just UV states. The size of such effect clearly depends on the type of UV physics and cannot be
estimated on general grounds. For integer D, with D ≥ 5, diagrams with two portal insertions will
also have a logarithmic divergence, which implies a renormalization of the dim-6 operators and a
contribution to their RG evolution below ΛUV . A naive estimate of such effect gives:
∆c6 (µ) ∼

n−4
gSM

κ2
c
2
ΛUV 16π 2



2
gSM
16π 2

` 

Λ̄2
Λ2UV

D−5

log

µ
ΛUV

(RG running) ,

(7.4.3)

where Λ̄ ≡ max(ΛIR , mH ) and µ is an RG scale below ΛUV and above ΛIR . The degree of divergence
can be lowered to zero (corresponding to a log divergence) by making insertions of the Higgs mass
term (hence Λ̄ = mH ) if the diagram features Higgs propagators, or by making use of the subleading
terms in the DS correlator of Eq. (7.4.1) (hence Λ̄ = ΛIR ). For example, for integer D ≥ 5 the
operator OH = [∂µ (H † H)]2 will be renormalized at tree level by OH † H.
For a given process with SM external states, the DS gives an additional contribution, not asso√
ciated with divergences, that takes a different form depending on whether the energy s is above
√
or below the IR scale ΛIR . If s < ΛIR , then the DS dynamics can be integrated out at ΛIR and
generates (for any D) an IR threshold correction to dim-6 operators. We estimate in this case
∆c6 (ΛIR ) ∼

n−4
gSM

κ2
c
2
ΛUV 16π 2



2
gSM
16π 2

` 

This is smaller than Eq. (7.4.3) by a log factor. If
48

Λ̄2
Λ2UV

D−5

(IR threshold) .

(7.4.4)

√
s > ΛIR , then the exchange of DS states will

Such quadratic divergence arises if the invariance associated to the conserved current JµDS is broken by the UV
dynamics. As an example, consider the L ⊕ N model of Sec. 7.3.2, where the axial U (1) acting on the singlet N is
broken by the Yukawa couplings.
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induce a long-distance contribution to the rate of events R of order
∆R
κ2 c
∼
2
R
16π 2 gSM



2
gSM
16π 2

` 

s
Λ2UV

D−4

(Long-Distance) ,

(7.4.5)

arising through the interference with the SM amplitude. This should be compared with the correction from the interference of the SM amplitude with diagrams featuring one insertion of a dim-6
n−2
operator, ∆R/R ∼ c6 /gSM
(s/Λ2UV ).
We can, at this point, establish the relative importance of the various virtual effects in Eqs. (7.4.2),
√
(7.4.3), (7.4.4) and (7.4.5). In the case s < ΛIR (situation 1 of Fig. 7.1), the contributions
from both DS and UV states are local and parametrized by dim-6 operators. As such, they are
qualitatively indistinguishable at low energy. Furthermore, for D ≥ 5 the UV threshold correction
is always larger than the RG running, which in turn dominates (for D even) over the IR thresholds.
For 4 < D < 5, instead, the DS exchange gives only an IR threshold contribution, which can
(depending on the UV dynamics) be larger than the one generated by heavy mediators at ΛUV .
√
If s > ΛIR (situations 2 and 3 of Fig. 7.1), then for D ≥ 5 the UV threshold corrections are
larger than the long-distance effects, which in turn are larger than the RG running. In principle, one
could distinguish experimentally the long-distance from local effects, since the former induce a nonanalytic dependence of the cross section on the energy [318] (see also the discussion in Sec. 7.5.6).
For 4 < D < 5, the DS exchange generates only a long-distance contribution, which can win over
the UV effect induced by heavy mediators.
To summarize, UV thresholds are expected to give the most important virtual effects for D ≥ 5;
√
portals with 4 < D < 5, instead, generate only long-distance (for s > ΛIR ) or IR threshold (for
√
s < ΛIR ) corrections, and can give the largest indirect contribution.

7.4.2 Production of DS states
The rate of production of DS states scales as (1/Λ2UV )D−4 , and is clearly suppressed for large portal
dimensions D. On the other hand, the experimental significance of the new physics events strongly
depends on the kind of signature and on the size of the SM background. Depending on the lifetime
of the lightest DS particle(s) (LDSP), one can have processes at colliders with missing energy,
displaced vertices or prompt DS decays. In the rest of this subsection we will estimate the lifetime
of the LDSP, explain our strategy to quantify the yield of events with respectively missing energy
and displaced vertices, and discuss the validity of the effective field theory approach.
Lifetime of the Lightest DS Particle
√
At energies s  ΛIR (situation 3 of Fig. 7.1), the DS operator will excite a CFT state made of DS
degrees of freedom whose evolution depends on the underlying dark dynamics. In strongly-coupled
dark dynamics, there will be a phase of parton showering followed by dark hadronization, at the end
of which many DS particles are produced. Weakly-coupled dark dynamics, on the other hand, will
lead to few particles. In either case, these states will generally decay among themselves through
fast transitions, and eventually decay to the LDSP ψ. Metastable or stable particles can also
exist as a consequence of symmetries or kinematic suppressions. The LDSP itself might be stable if
charged under some dark symmetry preserved by the portals. Generically, ψ will decay to SM states
through the portal interactions. The rate for this transition is expected to be much smaller than
that characterizing inter-DS decays, especially in the case of strongly-coupled dynamics. Hence,
the general expectation is that in a given process with dark excitations in the final state, these will
promptly decay to ψ and to stable particles (if present), and at later times ψ decays back to the
SM.
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If the LDSP decays through a portal with dimension D and is heavier than the EW scale, its
lifetime can be naively estimated to be
"

  2 D−4 #−1
ΛIR
κ2 f 2
τψ ∼ ΛIR
,
(7.4.6)
2
8π ΛIR
Λ2UV
where f is a decay constant defined by h0|O|ψi = Â f Λ∆−2
IR , and Â is a dimensionless tensor that
depends on the quantum numbers of O and ψ. For example, if the DS operator is a conserved
current, then Â is proportional to the polarization vector µ of ψ if the latter is a massive spin-1
state, and to pµ /ΛIR if ψ has spin 0 (as for a Nambu-Goldstone boson). For strongly-coupled dark
√
dynamics, one expects the decay constant to scale as f ∼ c in the limit of large c, where c is
proportional to the number of degrees of freedom of the DS (see Eq. (7.4.1)). The LDSP can decay
through one of the minimal portals of Eq. (7.2.2) or through operators with different quantum
numbers and a larger dimension. The value of τψ can differ from the estimate of Eq. (7.4.6) if ψ
is lighter than the EW scale and its main decay channel requires EW symmetry breaking. This
occurs for example when ψ mixes with the Higgs boson or the Z, respectively through the OH † H
←
→
or JµDS H † iD µ H portal. In this case, one can compute τψ (for mψ < mZ,h ) as
τψ = Γi sin2 θi

−1

,

tan 2θi =

2δi
,
m2ψ − m2i

i = Z, h ,

(7.4.7)

where ΓZ,h are the total decay widths of the Z and h (defined as the sum of the partial decay widths
into the accessible SM final states) evaluated at mZ,h = mψ . The mixing angle θZ,h is computed
from the mass mixing terms


ΛIR ∆−2
mZ ΛIR
δh = κO vf
,
δZ = κJ vf
,
(7.4.8)
ΛUV
Λ2UV
where we assumed that ψ has spin 1 when it mixes with the Z. If the decay proceeds through
the mixing with the Higgs boson, the value of τψ from Eq. (7.4.7) is parametrically larger than the
estimate (7.4.6) by a factor m2h /Λ2IR . In the case of mixing with the Z, on the other hand, the
lifetime is parametrically similar to that induced by a generic D = 6 portal.
Missing Energy Events
In the limit of a large hierarchy, i.e. for ΛIR /ΛUV small enough, the LDSPs produced in highenergy collisions will decay outside the detector, and manifest themselves as missing energy. We
will classify an event as a missing energy one if all of its LDSPs emerging from the primary collision
decay outside the detector. The probability for one LDSP to decay within a distance x from the
primary vertex is exp(−x/cτψ γ), where γ is the boost factor of the LDSP. We will thus estimate
the probability for an event to be a missing-energy one as


hniLd
P[all > Ld ] = exp −
,
(7.4.9)
cτψ hγi
where Ld is the detector length, hni is the average number of DS particles per event, and hγi is the
average boost factor. As already mentioned, the average number of DS particles depends on the
type of dark dynamics. We will consider two benchmark values: the first, hni = 2, is representative
of weakly-coupled dark sectors; in the second we set


!B
A = 0.06
C = 1.8
1
C
q
,

exp
(7.4.10)
hni = A

log hEi2 /Λ̄2
B = 0.5
Λ̄ = 0.1 ΛIR
log hEi2 /Λ̄2
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Figure 7.3: Prototype Feynman diagrams for DS production: associated production SM +SM → DS+SM
(left), and single production SM + SM → DS (right). Solid lines denote SM particles, the
gray blob stands for a DS state.

to characterize the behaviour of hni in strongly-coupled dark sectors in terms of the energy hEi
of the DS system. The functional dependence of Eq. (7.4.10) corresponds to the leading-order
theoretical prediction in QCD [319, 320]. The values of the numerical coefficients well approximate
those of QCD with 5 flavours, except for the overall normalization A that cannot be computed
perturbatively in QCD and has been fixed so that hni = 2 for hEi = 2ΛIR .49 We take Eq. (7.4.10)
as representative of strongly-coupled dark sectors near a fixed point where couplings evolve (nearly)
logarithmically like in QCD. Finally, we will estimate the average boost factor in Eq. (7.4.9) as
hγi =

hEi
.
hniΛIR

(7.4.11)

Triggering on missing-energy events requires (at least) one SM tagging object in the final state,
and the√
prototype Feynman diagram for DS production in this case is that on the left of Fig. 7.3. For
ΛIR  ŝ  ΛUV , where ŝ = p2DS is the squared momentum of the DS system, the inclusive cross
section can be predicted independent of the low-energy details of the dark dynamics by exploiting
its conformal behaviour. From the optical theorem it follows
XZ
dΦDS |h0|ODS |ni|2 = 2 Im [ih0|T {ODS ODS }|0i]
(7.4.12)
n

for a generic operator ODS that interpolates the dark state |ni from the vacuum, denoting the dark
sector phase space with dΦDS . Since conformal invariance determines the two-point function of
ODS in terms of its dimension and up to an overall constant, the inclusive cross section well above
threshold can be predicted in a model-independent way. As an analogy, consider for example the
production of QCD hadrons in e+ e− collisions: near threshold
the inclusive cross section exhibits
√
a complicated pattern of resonances, but at energies ŝ  ΛQCD its behaviour is determined by
the asymptotic freedom of QCD, and depends only on the number of colors and the fact that the
photon couples to a conserved quark current. In this regime, resumming the contributions of all
the hadronic states reproduces the much simpler quark contribution (quark-hadron duality), as
dictated by perturbativity. Notice, however, that the universal behaviour of the inclusive cross
section stems from the fact that the theory is nearly conformal, and having a free fixed point is not
crucial. Similar results, therefore, hold also for a strongly-coupled dark dynamics in its conformal
regime.
In our analysis we will approximate the inclusive cross section for DS production by including
only the contribution from the conformal regime and by using the optical theorem as in Eq. (7.4.12).
We will thus neglect the events produced near threshold (in practice, we will impose a lower cut
on p2DS ). Including them obviously increases the total cross section and leads to more stringent
constraints. Our results will be thus conservative. The importance of such threshold contribution
49

This normalization gives a smaller average number of dark hadrons at hEi/ΛIR compared to the QCD prediction
at hEi/ΛQCD . This is in fact reasonable given that the QCD spectrum includes particles (i.e. the pions and other
pseudo Nambu-Goldstone bosons) that are parametrically lighter than other resonances.
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Figure 7.4: Differential number of events for e+ e− → DS+γ as a function of the recoil mass (equal to the DS
invariant mass) at LEP. The black and red curves in the left panel correspond to the prediction
of the second model of Sec. 7.3.3, which leads to a DS with one Majorana fermion coupled to
the SM through the D = 6 portal of Eq. (7.3.9). We have set κJ = 1, ΛUV = mφ = 250 GeV,
and the fermion mass mχ = m to the value indicated in the plot. Similarly, the curves in the
right panel show the prediction of the RS model of Sec. 7.3.4, where the DS couples through
2
the D = 8 portal of Eq. (7.3.13). We have set (NCF
T − 1) = 10 (corresponding to cT = 400, see
Eq. (C.8)), κT = 1 and ΛUV = 250 GeV. The gray region shows the number of events measured
at LEP by the L3 Collaboration [321].

depends on the dimensionality of the portal responsible for the DS production and on the energy
range probed by the collider. In the case of irrelevant portals, the (partonic) cross section usually
grows with the energy; larger dimensions of the DS operator lead to faster growths at high energy
and thus enhance the contribution away from threshold. As a consequence, the bulk of events can
be produced in the deep conformal regime, where our approximation is accurate. To illustrate this
point, we show in Fig. 7.4 the number of events predicted at LEP for the process e+ e− → DS + γ
as a function of the recoil mass (i.e. the invariant mass of the DS). This process has been measured
by L3 [321] and OPAL [322] and sets constraints on elusive DS, as discussed in Sec. 7.5.2. The
plots of Fig. 7.4 report the theoretical predictions for two benchmark dark sectors: the case of a free
Majorana fermion coupled through the D = 6 portal of Eq. (7.3.9), and the 5D Randall-Sundrum
theory with the D = 8 portal of Eq. (7.3.13). They show clearly that in those cases the bulk of the
events are created away from threshold, in the regime where the DS dynamics is conformal. This
situation should be contrasted with the case of relevant or marginal portals, where threshold events
are more important and could first lead to discovery [323]. Notice that the D = 8 portal in the RS
theory has the proper quantum numbers to singly excite the radion and spin-2 resonances, and that
these appear as resonant peaks in the right panel of Fig. 7.4. We have used a modified expression
of the two-point form factor as in Eq. (B.17), with a radion mass mφ = ΛIR . In the free-fermion
case, the D = 6 portal excites pairs of fermions, and for this reason no resonant peak appears in
the left panel of Fig. 7.4.
Validity of the Effective Field Theory Description
An additional aspect of our calculation is the validity of the Effective Field Theory (EFT) approximation. The form of the portal interactions considered in this work, between the dark and SM
sectors, arises by integrating out mediators of mass close to ΛUV . If the momentum at which this
interaction is probed exceeds ΛUV , it is no longer a good approximation to describe it as a contact
interaction mediated by a local operator. As we consider various experimental bounds, the validity
of the EFT approximation must be enforced for internal self-consistency. The experimental data
are usually presented in terms of a differential distribution of the number of events or cross section
as a function of some kinematic variables (e.g. 3-momentum, transverse momentum or recoil mass)
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relative to one or more of the visible particles. From momentum conservation, these kinematic
variables are related to the momentum pDS that flows into the contact interaction. Assuming an
s-channel exchange of the mediator field, the EFT expansion is controlled by p2DS /Λ2UV ; consistency
requires p2DS /Λ2UV  1, which translates into a condition on the kinematic variables. If the data
are presented as a histogram, the condition in general varies bin by bin.
Taking this into consideration, we will adopt the approach advocated for example in Ref. [324],
and use the subset of events that allows us to derive a self-consistent bound on ΛUV . To see how
this works in practice, let us consider a scattering process with a mono-X final state plus missing
momentum, as in the left diagram of Fig. 7.3. In this case
√
(7.4.13)
p2DS = ŝ − 2 ŝ 6p ,
where we take the final SM state to be massless, and 6p ≡ |6p~| is the magnitude of its 3-momentum.
Requiring p2DS /Λ2UV < ξ, where ξ is some value smaller than 1, translates into a condition on ΛUV :
q
q
√
√
1
1
(7.4.14)
ΛUV & 1/2 ŝ − 2 ŝ 6p ≥ 1/2 ŝ − 2 ŝ 6pT ,
ξ
ξ
where in the last step we have used 6pT ≡ p
6 sin θ < 6p. Here 6pT is the transverse missing momentum
carried by the DS (equal to the transverse momentum of the SM final state). The EFT is within
its validity as long as the missing momentum is sufficiently large. One can thus exclude bins with
low 6pT to extend the validity of the analysis to smaller values of ΛUV . Including a given range of
bins, consistency with EFT implies a lower and an upper bound in the range of ΛUV . Removing
progressively bins of low 6pT and finally taking the union of the excluded regions, we obtain the
overall bound. The advantage is that while taking all the data may not result in a valid exclusion
region at all, discarding data in some bins gives a self-consistent, though weaker, bound. In the
following, when applying this procedure, we will fix ξ = 0.1.
Events with displaced decays
Besides events with missing energy, the production of DS states can lead to displaced vertices
(DV) if some of the LDSPs decay inside the detector far from the interaction region. For a fixed
value of ΛUV , this occurs in a range of IR scales ΛIR that varies with the portal dimensionality
D. Depending on the experimental analysis, events are selected by requiring a minimum number
of decays in specific regions of the detector (inner detector, calorimeters, muon spectrometer). To
analyse those data we construct a probability for each event to pass the required conditions as
explained in Appendix D. This probability is maximized and close to 1 for lifetimes τψ in a certain
interval, which in turn corresponds to an interval of ΛIR values at fixed ΛUV . Events with displaced
vertices can be triggered on and reconstructed without the need of a SM tagging object. The
leading production diagram is thus the one on the right of Fig. 7.3. As for missing energy events,
the rate of DV events
√ can be computed conservatively by including only the contribution from the
conformal regime ŝ  ΛIR , but in this case the result depends on additional quantities whose
value is model dependent. For example, the LDSPs from strongly-coupled dark sectors will be
produced with energies and angular distributions determined by the showering and hadronization
processes. This leads to an acceptance efficiency in the reconstruction of the displaced vertices that
depends on the type of dark dynamics. Since the goal of our analysis is to assess the importance
of DV searches in testing our theories, we will estimate the event rate by using the two benchmark
values of hni described above and by making reasonable assumptions to average out any further
model dependency.
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Events with prompt decay
Finally, for small hierarchy of scales, i.e. ΛIR /ΛUV not too small, the LDSPs produced in a DS
event will decay promptly. The significance of these events strongly depends on the details of the
underlying DS dynamics and cannot be assessed in a model-independent way. An analysis of this
kind goes beyond the scope of this work, and we will not consider the region of the parameter space
where only prompt decays occur.
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Probes of DS production

Probes of DS virtual exchange

• Z and Higgs boson decays

• Fifth-force experiments

• Non-resonant production at LEP and LHC

• EW precision tests

• High-intensity experiments
• Supernova and stellar cooling
• Positronium lifetime
Table 7.3: List of processes and experiments analysed in this work that probe the dark sector dynamics.

7.5 Terrestrial and Astrophysical Bounds
In this section we present our analysis of the terrestrial and astrophysical processes that can probe
the dark sector dynamics. Following the strategy outlined in the previous section, we will derive
constraints on the scales ΛIR and ΛUV , for given coupling κ and dark multiplicity c, by considering
individually each of the portals in Eq. (7.2.2). We have analysed both processes with production
of DS states and processes where these are virtually exchanged. The complete list is reported
in Table 7.3. It includes searches at high-energy colliders, where DS excitations can manifest
themselves as missing energy, displaced vertices or in precision observables, and fixed-target and
beam dump experiments, which probe the DS-SM interaction at energies of order 10 − 100 GeV.
Complementary to these, there is another class of experiments that probe the DS-SM interaction at
much lower energies. They study the effect of the DS on long-range forces or precision observables
like the ortho-positronium lifetime. Finally, there are celestial constraints coming from astrophysical
observations, which probe the DS-SM interaction at MeV and keV energies.
In the following we discuss each process starting from those with DS production.

7.5.1 DS production from Z and Higgs boson decays
When ΛIR is smaller than the EW scale, one of the most efficient ways to produce DS states at
colliders is through the decay of the Z and Higgs bosons. Such resonant production proceeds
←
→
µ
respectively through OH † H (Higgs portal) and JDS
H † iDµ H (Z portal). The rate of DS events can
be computed, in the narrow width approximation, as the SM cross section for Higgs or Z production
times the branching ratio for their decay into DS states. No issue arises in this case with the validity
of the effective field theory description, since the energy characterizing the production of DS states
is that of the Z or Higgs boson mass, while ΛUV is required to be larger. One can extract the
inclusive decay width of the Higgs or Z boson into DS states from the imaginary part of the 2-point
correlator of the DS operator in the portal. For example, working at leading order in the Higgs
portal interaction, the pole residue and width of the Higgs boson propagator are corrected by:
Zh ≡ 1 + δZh = 1 +
Γh→DS =

κ2O v 2

d

Re i hO(−p)O(p)i |p2 =m2

(7.5.1)

i hO(−p)O(p)i |p2 =m2 .

(7.5.2)

O −4 dp2
Λ2∆
UV
1 κ2O v 2
−
Im
O −4
mh Λ2∆
UV

h

h

We approximate the imaginary part of the 2-point correlator at mh  ΛIR by using its conformal
expression in Eq. (B.8) of Appendix B, and obtain
Γh→DS =

v 2 mh2∆O −5
κ2O cO
Γ(∆O + 1/2)
.
2∆O −4
π 3/2 Γ(∆O − 1)Γ(2∆O ) ΛUV

(7.5.3)
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Similar steps in the case of the Z portal, and the use of Eq. (B.9) in Appendix B, lead to the
Z → DS decay width:
ΓZ→DS = −

κ2J v 2 mZ X i ∗i
µ
ν
  Im ihJDS
(p)JDS
(−p)i
3Λ4UV i=1,2,3 µ ν

p2 =m2Z

=

κ2J v 2 m3Z cJ
.
Λ4UV 96π

(7.5.4)

The total width of the Z boson has been measured accurately by the LEP experiments, which
put an upper bound on beyond-the-SM contributions ∆ΓZ < 2.0 MeV at 95% confidence level [325].
Using this result and Eq. (7.5.4) leads to the constraint
ΛUV > 525 GeV × (κ2J cJ )1/4 .

(7.5.5)

A similarly inclusive bound can be obtained through a global fit to data from Higgs searches at
the LHC. The correction to the residue of the Higgs propagator due to the DS exchange implies a
n/2
universal shift of the Higgs couplings by a factor Zh , where n is the number of Higgs bosons in
the vertex. Neglecting possible modifications to the couplings from the UV dynamics, the common
signal strength modifier used by LHC collaborations can be expressed as
µ≡

σ × BR
Γh→DS
' 1 + δZh − SM ,
σSM × BRSM
Γh

(7.5.6)

= 4.07 MeV [326]. From Eq. (7.5.1),
is the SM Higgs boson total decay width, ΓSM
where ΓSM
h
h
by a factor ΓSM
(7.5.2) and Eqs. (B.4), (B.8) it follows that δZh is smaller than Γh→DS /ΓSM
h /mh 
h
1, and can be thus neglected. Using Eq. (7.5.2) and the measurement µ = 1.17 ± 0.10 made by
CMS with 13 TeV data [327] gives the constraint
ΛUV


> mh × 1.9 × 105 κ2O cO

Γ(∆O + 1/2)
Γ(∆O − 1)Γ(2∆O )



1
2∆O −4

,

(7.5.7)

at 95 % probability.50
Measuring precisely the decay rates of the Z and of the Higgs boson into SM particles leads to
the indirect constraints on the production of DS states discussed above. Searches at high-energy
colliders, however, also look for non-standard decay modes in a variety of final states. The bound on
the Higgs invisible branching ratio set by the LHC experiments, for example, constrains the region
of parameter space where the LDSP decays outside the detector. We use the recent result obtained
by the ATLAS collaboration, BRinv < 0.13 at 95% CL [328], and estimate the number of missingenergy events through Eqs. (7.4.9), (7.5.3). For small values of ΛIR the probability of Eq. (7.4.9) is
approximatively 1 and the bound turns out to be very similar to that of Eq. (7.5.7). Conversely, for
ΛIR large enough the majority of LDSPs decay inside the detector and the probability of Eq. (7.4.9)
goes to zero. The corresponding exclusion region is shown in Fig. 7.5 (solid contours) for three
different LDSP decay portals: the same Higgs portal responsible for Higgs-resonant production,
and generic D = 6 and D = 8 portals. Similar constraints come from mono-X searches sensitive
to the resonant production of a Z boson followed by its decay into invisible final states. We have
analysed missing-energy searches performed at LEP2 by the L3 collaboration (at a centre-of-mass
energy between 189 GeV and 209 GeV) in association with a photon [321] and a Z boson [332], and
√
by the OPAL collaboration (at s = 189 GeV) with single photon events [322]. The corresponding
bounds turn out to be weaker than the inclusive one from the Z decay width and will not be
√
discussed. From the LHC Run2 at s = 13 TeV we have analysed the ATLAS mono-jet [333],
√
mono-photon [334] and mono-Z [335] searches. From Run1 at s = 8 TeV we considered the
50

 This bound is derived
 by constructing a posterior probability as a function of δ = 1 − µ in terms of the likelihood
exp (1 − δ − 1.17)2 /0.02 and a flat prior. We find δ = Γh→DS /ΓSM
< 0.11 with 95 % probability, which in turn
h
implies Eq. (7.5.7).
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Figure 7.5: Constraints on resonant DS production through a D = 6 (upper panels) and D = 5 (lower
panels) Higgs portal. Plots on the left (on the right) assume a strongly (weakly) coupled dark
sector. Exclusion regions from the bound on the Higgs invisible width of Ref. [329] (solid
contours) and the searches for displaced vertices of Refs. [330, 331] (dashed contours) are
shown for three different types of LDSP decay portal: the same Higgs portal responsible for
the production (green), generic D = 6 (red) and D = 8 (blue) portals. Also shown in gray is
the exclusion from the LHC fit to Higgs data of Eq. (7.5.7). All the plots assume κ2i ci = 1 for
the various portals.
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Figure 7.6: Constraints on resonant DS production through the Z portal. The plot on the left (on the
right) assumes a strongly (weakly) coupled dark sector. Exclusion regions from the mono-jet
search of Ref. [333] (solid contours) and the searches for displaced vertices of Refs. [330, 331]
(dashed contours) are shown for two different types of LDSP decay portal: the same Z portal
responsible for the production (green), and a generic D = 8 portal (blue). The exclusion from
the invisible width measurement at LEP of Eq. (7.5.5) is shown in gray. Both plots assume
κ2i ci = 1 for the various portals.

mono-jet search of Ref. [336]. All of these studies have found signals consistent with a pure SM
background and set constraints on the resonant production of DS states through the Z portal. The
strongest bound comes from the mono-jet analysis at 13 TeV and is comparable to that from the
Z width at LEP. The corresponding exclusion region is shown in Fig. 7.6 (solid contours) for two
choices of the LDSP decay portal: the same Z portal, and a generic D = 8 portal.
For values of ΛIR not too small, some of the LDSP produced in the event can decay inside
the detector, far from the primary vertex. Signatures of this kind are searched for by the LHC
collaborations in a variety of final states. A nice overview of searches for long-lived particles can be
found in a recent document written by the LHC LLP Community [337]. Recasting all the existing
experimental bounds into our theoretical parameter space is beyond the scope of this work. An idea
of their effectiveness can be however obtained by considering the searches performed by ATLAS
for displaced hadronic jets in the muon spectrometer (MS) [330] or in both the MS and the inner
detector (ID) [331]. These are particularly optimized since they make use of dedicated trigger and
vertex algorithms to analyse jets in the MS, with relatively low thresholds. Among the search
strategies pursued in Refs. [330, 331], the simplest ones require no additional prompt decays and
are inclusive of any other activity in the event. Specifically, we will make use of the analysis in
Ref. [330] that searches for events with at least two displaced hadronic vertices in the MS, and
the analysis of Ref. [331] where events with (at least) one decay in the MS and one in the ID are
selected. We model the probability that a given event gives rise to such signatures as explained in
Appendix D, and assume an overall efficiency for triggering and reconstructing an event equal to
0.01. The bounds obtained for Z and Higgs resonant production are shown respectively in Figs. 7.5
and 7.6 (dashed contours). They are stronger than those set on the rate of DS events by missingenergy searches by 2 − 3 orders of magnitude, and can probe branching ratios into DS states of
order 10−6 for the Z and a few ×10−4 for the Higgs boson.
Other searches for long-lived particles performed by ATLAS and CMS typically require extra
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Figure 7.7: Normalized cumulative cross section for pp → DS (left plot) and pp → DS+j (right plot) at the
13 TeV LHC for a D = 6 Higgs portal, shown as a function of the lower limit of integration over
the invariant mass of the DS system. In the right plot three curves are shown corresponding
to events in three different bins of the jet transverse momentum.

prompt activity or missing energy in addition to the displaced vertices. Since the request of prompt
and energetic SM particles reduces the production rate, these analyses are naively expected to be
less effective in constraining the dark sector theories considered in this work. A possible important
exception is the case where the DM is part of the DS and produced together with the LDSP. Events
of this kind always contain (possibly a large amount of) missing energy, which can be used to trigger
the event and reduce the background. It would be therefore interesting to assess the constraints
imposed on elusive dark sectors by searches that require displaced vertices in association with large
missing energy, like those on photons or jets. We leave this study to a future work. Finally,
searches for long-lived particles at LHCb also make use of dedicated triggers for displaced vertices.
These are however required to be inside the tracker, i.e. within a distance of 200 mm (30 mm) from
the primary vertex in the beam (transverse) direction. This limits the sensitivity to short LDSP
lifetimes. Considering that typically hard kinematic cuts are imposed to reduce the background and
that LHCb has a smaller integrated luminosity than ATLAS and CMS, the effectiveness of these
analyses is expected to be smaller than that of the searches considered above.

7.5.2 Non-resonant DS production at LEP and LHC
←
→
µ
In presence of (unsuppressed) OH † H and JDS
H † iDµ H portals, and for ΛIR below the electroweak
scale, the strongest constraints on the dark sector come from Z and Higgs decays, as discussed in
the previous subsection. Values of ΛIR larger than the electroweak scale are more difficult to probe
since in that case the production of DS states is non-resonant and has a smaller rate. The relative
importance of resonant vs non-resonant DS production at the LHC is illustrated in Fig. 7.7 for a
D = 6 Higgs portal. The cumulative cross section for the processes pp → DS and pp → DS + j
drops sharply when the lower limit of integration over the invariant mass of the DS system is raised
above the Higgs mass threshold. Non-resonant production is thus expected to give weaker bounds
than those from resonant processes. Furthermore, for ΛIR above the electroweak scale and not too
large ΛUV , the LDSP decays promptly. As already discussed, prompt decays at colliders give modeldependent signatures whose analysis is beyond the scope of this work. On the other hand, the DS
←
→
µ
could interact with the SM through portals different than OH † H and JDS
H † iDµ H (alternatively,
these latter could be generated with a suppressed coefficient). In this case, for any value of ΛIR ,
one needs to analyse non-resonant processes to assess the current bounds on the DS dynamics.
Assuming a non-resonant DS production, for small ΛIR the LDSP decays outside the detector
and the constraints are set by missing-energy searches. We have analysed the mono-X searches
performed at LEP2 [321, 322, 332] and LHC [333–336] discussed previously for Z decays. Dark
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Figure 7.8: Constraints on non-resonant DS production from mono-photon searches at LEP. Two choices
DS
(Fαµ F αν + ēγ µ Dν e) (D = 8). It is assumed
of portals are shown: JµDS ēγ µ e (D = 6) and Tµν
that the same portal is responsible for both the DS production and the LDSP decay, and that
the dark sector is strongly coupled. The value of κ2i ci is fixed to 1 in the plot on the left and
to 102 in the plot on the right.

sector production proceeds through the prototype diagram on the left of Fig. 7.3, where the SM
tagging particle can be an electron, photon, Z boson or a jet stemming from a quark or gluon. Their
yield has been computed in bins of missing momentum by assigning each event a weight given by
Eq. (7.4.9).51 For each data set, we make use of different combinations of bins in missing energy in
order to increase the EFT validity, as explained in Sec. 7.4.2. We find that the strongest bounds
come from mono-photon searches at LEP [321, 322], while the impact of LHC searches is limited
by the request of the EFT validity, since the corresponding analyses make use of events at higher
energies or invariant masses. Figure 7.8 shows the exclusion regions that we have obtained from
LEP data for the following two portals involving electrons and photons: JµDS ēγ µ e (D = 6) and
DS (F µ F αν + ēγ µ D ν e) (D = 8).
Tµν
α
As expected, the constraints are much weaker than those from resonant DS production if the
comparison is done for the same value of κ2i ci .
For large enough ΛIR , the LDSP can give rise to displaced decays inside the detector. As for
the case of resonant DS production, we focused on the searches for displaced jets made by ATLAS
in Refs. [330, 331], and computed the signal yield by assigning each event a weight through the
probabilities reported in Appendix D. We find that no bound compatible with the validity of the
effective field theory can be set in this case unless cJ κ2J has a very large value, cJ κ2J & 103 .

7.5.3 Constraints from High-Intensity Experiments
Dark sectors with sufficiently low IR scale can be probed by high-intensity experiments operating
at center-of-mass energies smaller than those reached at modern high-energy colliders. In this case
the strategy is that of producing the DS particles by pushing the intensity, rather than the energy,
frontier. Simple dimensional analysis suggests that this approach can probe most effectively dark
sectors that couple through relevant or marginal portals [293]. As a prototype of high-intensity
51
The Feynman rules have been generated with FeynRules 2.3 [338, 339], using a model file based on [340]. The
squared matrix elements have been computed with FeynArts 3.10 [341].
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experiments consider those where an intense proton or electron beam hits a fixed target or a beam
dump. Dark sector particles can be produced directly in the hard scattering between the incident
beam particle and the target, or originate from the decay of QCD hadrons produced in the collision.
The cross section for direct DS production naively scales as σ ∼ (cκ2 /E 2 )(E/ΛUV )2(D−4) , where E
is the beam energy. Then, a very naive estimate of the ratio of the numbers of DS events produced
at a collider and a fixed-target experiment is [293]
Ncollider
σcollider Lcollider
=
∼ 10−3
Ntarget
σtarget Ltarget



Ecollider
Etarget

2D−10 

Lcollider
100 fb−1



1020
NPOT



,

(7.5.8)

where the integrated luminosity at the fixed target experiment, Ltarget = NPOT `ρ, depends on the
total number of incident particles (protons or electrons) delivered on target, NPOT , the length `
of the target and its atomic density ρ. To derive Eq. (7.5.8) we have assumed ` = 10 cm and
ρ = 1023 cm−3 . This estimate suggests that portals with D ≤ 5 can be effectively probed at
fixed-target experiments with high luminosity, while high-energy colliders are parametrically more
efficient for D > 5. Clearly, a quantitatively more accurate estimate should take into account the
effect of the parton distribution functions at hadron colliders, the finite mass of the target nucleus in
fixed-target experiments, as well as the geometric acceptance of the detector in each case. However,
the qualitative conclusion that can be drawn from Eq. (7.5.8), i.e. that direct DS production through
higher-dimensional portals can be best probed by pushing the energy frontier, is generally correct
and in agreement with the results of our analysis reported in this section. An estimate similar to
(7.5.8) can be derived to compare the rates of DS particles produced in the decay of QCD hadrons
at colliders and fixed target experiments. Such rate scales naively as ∼ σincl (E)cκ2 (M/ΛUV )2(D−4) ,
where M is the mass of the decaying hadron and σincl is an inclusive QCD cross section. The
relatively mild increase of the latter with the c.o.m. energy (see for example Ref. [342]) is not
sufficient to make colliders competitive with high-intensity experiments in this case. Decays of QCD
hadrons to DS particles will be thus most effectively probed by dedicated low-energy experiments
with large integrated luminosity.
In this section we will study the sensitivity that high-intensity experiments have on elusive dark
sectors analysing both of the possible production modes. Let us consider first the production that
occurs in the hard scattering between an intense proton or electron beam and a fixed target.
Direct DS production from the hard scattering
There are two broad experimental strategies that have been adopted to detect the DS particles.
A first class of experiments makes use of a shield or active detector regions to block or veto any
particle emerging from the collision, with the exception of neutrinos and DS states. These can reach
a detector placed downstream of the shield where they decay in flight to SM states or scatter with
the detector material. Neutrino experiments, such as CHARM [343], LSND [344], NuTeV [345],
MINOS [346] and MiniBooNE [347], belong to this class. They utilize very intense proton beams
(with up to 1020 −1023 protons delivered on target) and may include a decay volume where neutrinos
are produced by the in-flight decay of pions and kaons. Other experiments, such as E137 and E141
at SLAC [348, 349] and E774 at Fermilab [350], utilized an electron beam and were dedicated to
the search for new long-lived neutral particles. A second class of experiments, such as NA64 at
CERN [351] and the proposed LDMX [352], are designed to measure the energy (and possibly the
momentum) of the electron beam before and after the collision with the target. Calorimetry is
then used to veto any significant hadronic activity following the collision. Long-lived dark sector
particles can either decay outside the detector and thus give rise to events with missing energy or
momentum, or lead to displaced decays inside the detector.
A complete analysis of all these experiments is clearly beyond the scope of this work. We will
thus focus on two of them, one in the first experimental class and one in the second class, and use
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Figure 7.9: Feynman diagrams characterizing direct DS production at fixed target experiments with electron beams like NA64 and E137. The DS particles can be radiated off the initial or final
µ
electron line through the D = 6 portal (ēγ µ e)JDS
.

them to illustrate the sensitivity that fixed-target experiments have on elusive dark sectors. We
µ
µ
will consider, in particular, theories with a D = 6 portal of the form Jµem JDS
, where Jem
= ēγ µ e is
µ
the SM electron current and JDS is a DS current.
Among the experiments that can search for missing energy we consider NA64. It features a
high-intensity electron beam with energy E0 = 100 GeV hitting an active lead target (the ECAL).
Dark sector excitations can be emitted through dark bremsstrahlung in the scattering of the incident electron with the target nucleus, see Fig. 7.9, and decay outside the detector (the HCAL)
if sufficiently long lived. The HCAL itself is used to veto any hadronic activity that follows a
deep inelastic scattering where the nucleus breaks apart. The analysis of Ref. [353] in particular,
selects events that are characterized in their final state by one electron with energy E 0 plus missing energy Emiss ≡ E0 − E 0 , without further activity. SM backgrounds are removed by requiring
Emiss ≥ 50 GeV. Using a dataset corresponding to 2.84 × 1011 electrons on target, no event is found
which passes all the cuts, with an estimated background of 0.53 events. This result is interpreted to
set constraints on dark photon models where the dark photon is radiated off the electron line and
decays to DM particles which escape detection. These models are particular examples of a dark
sector where the invariant mass of the DS system is fixed (for a small dark photon decay width) to
the dark photon mass, p2DS = m2γD . More in general, the DS system will consist of several particles
and have arbitrary invariant mass, compatible with phase space constraints. It is convenient to
reduce this general situation to the case of a dark photon with varying mass by factorizing the
DS denotes the n-body
Lorentz invariant phase space as dΦ2+n = (2π)−1 dp2DS dΦ3 dΦDS
n . Here dΦn
phase space of the DS system with total momentum pDS ; dΦ3 is instead the 3-body phase space
obtained by replacing the entire dark sector with a single particle of momentum pDS and mass p2DS .
The integration over the DS phase space can be performed easily by using the optical theorem; the
µ
:
result is written in terms of the imaginary part of the 2-point correlator of the DS operator JDS
Z
Z
κ2J
1
1
2
σ(eN → eN + DS) = 4
dpDS dΦ3 Mµ M∗ν G(t)
ΛUV 4E0 mN 2π
(7.5.9)


µ
ν
× 2 Im ih0|T (JDS (pDS )JDS (−pDS ))|0i ,
where Mµ is the matrix element with one insertion of the portal interaction, and G(t) is a form
factor that parametrizes atomic and nuclear scatterings. Here t = (p0N − pN )2 is the momentum
transfer, and pN , p0N are respectively the initial and final 4-momenta of the nucleus N , whose mass
is denoted by mN . We set G(t) = G2,el (t) + G2,in (t), where G2,el (t) and G2,in (t) are respectively
the elastic and inelastic contributions to the form factor, as defined by Eqs. (A18) and (A19) of
Ref. [354], see also Refs. [355, 356]. The production of a dark photon of mass mγD is characterized by
a small emission angle θγD . max[(mγD me /E02 )1/2 , (mγD /E0 )3/2 ] and by a spectrum of momentum
transfer peaked at tmin , where −tmin ≈ m4γD /E02 if mγD & me [354–356]. Formula (7.5.9) applies
µ
in that case as well if one replaces (κJ /Λ2UV )JDS
→ (εe)AµD , where AµD is the dark photon field
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Figure 7.10: Differential cross section for DS production as a function of the DS invariant mass squared at
NA64 and E137. The NA64 curve is obtained by imposing the cut Emiss ≥ 50 GeV.

and ε its kineticPmixing parameter. The imaginary part of the 2-point correlator in this case gives
µ
πδ(p2DS −m2γD ) i µi ν∗
i , where i is the polarization vector of the dark photon. Using the imaginary
part of the 2-point correlator given by Eq. (B.9), one can thus express the DS cross section in terms
of the cross section for the production of a dark photon; we obtain
κ2J cJ p2DS σ(eN → eN + AD )
dσ
,
(eN
→
eN
+
DS)
=
(εe)2
dp2DS
Λ4UV 96π 2

(7.5.10)

where the dark photon cross section on the right-hand side has to be evaluated for mγD = (p2DS )1/2 .
Using the exact tree-level calculation of Ref. [357] (see also [358]) to compute the dark photon cross
section, and performing the cut Emiss ≥ 50 GeV, from Eq. (7.5.10) we obtained the differential cross
section shown in Fig. 7.10. The production of an elusive dark sector with a current-current portal at
NA64 is thus equivalent to a convolution of dark photon theories with mass spectrum in the range
∼ 0.1 − 10 GeV, which corresponds to a minimum momentum transfer −tmin ∼ 10−8 − 1 GeV2 .
This suggests that most of the incident electrons at NA64 scatter off the target atom or nucleus,
well above the electron screening regime and below the onset of deep inelastic scattering.52 By
integrating the differential cross section of Fig. 7.10, we obtain the total cross section at NA64:


 500 GeV 4
−41
2
2
σ(eN → eN + DS) = 0.8 × 10 cm cJ κJ
.
(7.5.11)
ΛUV

Using Fig. 7.10 and assuming a total luminosity L = 5 × 1033 cm−2 ,53 we derived the bound that
missing-energy searches at NA64 set on elusive dark sectors. For sufficiently low ΛIR , all LDSPs
decay outside the detector and the constraint is independent of the IR scale. In this limit we find


ΛIR  9 MeV cJ κ2J −1/6
(D = 6)
ΛUV > 4 GeV × (cJ κ2J )1/4 for
(7.5.12)
Λ  120 MeV c κ2 −1/10 (D = 8) ,
J J
IR

Processes with d . −t . 4m2p , where mp is the proton mass and d = 0.164 GeV2 A−2/3 is the inverse nuclear
size squared, are characterized by the scattering of the incident electron off the target nucleus. Scatterings off the
target atom take place when 1/a2 . −t . d, where a = 111 Z −1/3 /me is the atomic radius, whereas for −t  1/a2
the atomic electrons screen the charge of the nucleus and the form factor dies off. In the opposite limit of very large
momentum transfer, −t  4m2p , the process occurs in the regime of deep inelastic scattering, where the incident
electron scatters off the constituents quarks. In this case the final state is characterized by an intense hadronic
activity. See Refs. [355, 356].
53
This is obtained as L = NEOT ρPb `, where NEOT = 2.84 × 1011 , ρPb = 0.3 × 1023 cm−3 and we set the thickness
of the detector to 1 radiation length, ` = 0.56 cm.
52
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Figure 7.11: Constraints from NA64 (solid contours) and E137 (dashed contours) on elusive dark sectors
with portal (ēγ µ e)JµDS . The plot assumes a strongly-coupled DS dynamics and two possible
portals mediating the LDSP decay, respectively with dimension D = 6 (blue region) or D = 8
(red region). For both portals, κ2 c is set to 1.

where D is the dimension of the decay portal. For larger values of ΛIR , fewer DS events give rise
to missing energy and the constraint gets weaker. The corresponding exclusion curve is shown in
Fig. 7.11 (solid contours) for a strongly-coupled DS dynamics and two possible portals mediating the
LDSP decay, respectively with dimension D = 6 (blue region) or D = 8 (red region). Very similar
results hold for weakly-coupled dynamics. Compared to those arising from high-energy collider
searches, this bound is rather weak and does not constrain values of ΛUV above the electroweak
scale. To derive it, we implemented the procedure explained in Sec. 7.4.2 to enforce the EFT
validity, i.e. we restricted the integration of the differential distribution of Fig. 7.10 to values below
the UV scale.
A stronger bound comes from the E137 experiment performed at SLAC. The experimental setup
is as follows: an incident electron beam with energy E0 = 20 GeV hits a beam dump target made
of aluminium plates interlaced with cooling water. The particles produced by the collision must
traverse a hill of 179 m in thickness before reaching a 204 m-long open region followed by a detector.
Bounds can be placed on long-lived dark particles that decay in the open region or rescatter with
the material in the detector. No signal events were observed after two runs during which ∼ 30 C
of electrons (respectively 10 C in Run 1 and 20 C in Run 2, corresponding to a total of ∼ 2 × 1020
electrons) were delivered on target. An interpretation of this result in terms of dark photon theories
was given in Refs. [354, 359]. We used it to derive a bound on elusive dark sectors with portals
(ēγ µ e)JµDS as follows. First, we computed the differential cross section for atomic and nuclear
scatterings of the incident electrons off the target using Eq. (7.5.10). The result is shown in Fig. 7.10.
The invariant mass spectrum peaks in the range 0.03 − 3 GeV, which corresponds to values of the
minimum momentum transfer −tmin ∼ 10−11 − 10−3 GeV. Most of the incident electrons at E137
thus scatter off the target atom. Since no veto is imposed at E137 on the hadronic activity of
the final state, we have explicitly computed the contribution of deep inelastic scatterings, finding
that is small (it becomes important only at very large invariant masses p2DS & 25 GeV2 ) and safely
negligible to derive the bounds described below. From Fig. 7.10 we obtain the total cross section
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at E137:
−43

σ(eN → eN + DS) = 0.4 × 10

cm

2

cJ κ2J





500 GeV
ΛUV

4

.

(7.5.13)

Using the differential cross section of Fig. 7.10, we computed the rate of LDSP decays that occur
in the open region and are seen by the detector. To this aim, we estimated the geometric acceptance
simply as the fraction of particles from each LDSP decay that passes through the front area of the
detector. We approximated as collinear the emission of the DS excitation through bremsstrahlung
(this is a reasonably good approximation for light dark photons, see for example Ref. [354]), and
assumed an isotropic distribution of the decay products from the LDSP decay in its center-of-mass
frame. Finally, we have used an integrated luminosity L = 3.4 × 1043 cm−2 for Run1 and twice
as much for Run2.54 The exclusion region that we obtained is shown in Fig. 7.11 for D = 6 and
D = 8 portals mediating the LDSP decay. In the relevant range of hierarchies, the exclusion on
ΛUV extends up to ∼ 150 GeV and is much stronger than the one set by NA64, despite the smaller
cross section, thanks to the vastly larger number of electrons delivered on target.

DS production from hadron decays
The other way to produce DS particles at high-intensity experiments is through the decay of QCD
hadrons. To achieve a good sensitivity on elusive dark sectors, very large samples of hadron decays
are needed. These are obtained at experiments with particularly intense proton beams and at experiments dedicated to the study of rare decays. One can broadly identify two classes of decays:
those where a parent QCD hadron annihilates into DS excitations, possibly emitting an additional
photon (annihilation decays), and those where it decays to a lighter hadron plus DS excitations
(radiative decays). We will assume for simplicity that the portal interaction conserves baryon number and flavour. One can thus further distinguish between flavour-conserving and flavour-violating
decays; these latter proceed necessarily through a flavour-violating SM loop and are correspondingly
suppressed.
Annihilation decays are mediated by portals whose SM operator has the appropriate quantum
µ
numbers to excite the parent meson from the vacuum, in particular by JµSM JDS
portals where JµSM
is a vector or an axial quark current. Decays of interest are for example those of light unflavoured
pseudoscalar or vector mesons (π 0 , η, η 0 , ρ, ω, φ, etc.), as well as those of flavoured mesons
(KL , D and B). These processes have been considered in previous studies and used to constrain
specific dark sectors whose excitations are either long lived and escape detection, see for example
Refs. [303, 360–363], or promptly decay back (at least partly) to the SM, see for example Ref. [364].
See also Ref. [365] for a model-independent approach. To give an idea of how precisely one can
probe elusive dark sectors through annihilation decays, we consider the decay of light vector mesons
and assume that the DS excitations are sufficiently long lived to escape detection. In the case of
µ
the portal Jµem JDS
, where Jµem is the SM electromagnetic current, we find that
cJ κ2J 1 m4V
BR(V → DS)
=
,
2 Λ4
BR(V → e+ e− )
128π 2 αem
UV

(7.5.14)

where V denotes a light unflavoured vector meson, and we used the optical theorem to compute the
phase space integral over the DS system. The invisible decay of V = φ, ω has been searched for by
the BESSIII Collaboration [366] through J/ψ → V η. Using a sample of 1.3 × 109 J/ψ events, they
obtained BR(φ → invisible) < 1.7 × 10−4 and BR(ω → invisible) < 7.3 × 10−5 at 90% confidence
level. The upper limit on BR(φ → invisible) implies
ΛUV > 2.3 GeV cJ κ2J
54

1/4

for ΛIR . 6 MeV κ2J cJ

−0.18

,

(7.5.15)

Here we have used ρAl = 0.6 × 1023 cm−3 and set the thickness of the detector to 1 radiation length, ` = 8.9 cm.
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Figure 7.12: Feynman diagrams contributing to B + → K + + DS in theories with a Z-portal (diagrams
(a) and (b)) and a Higgs portal (diagram (c)).

where the bound on ΛIR assumes a strongly-coupled dark sector and ensures that the LDSPs are
long lived and escape detection. The limit on BR(ω → invisible) gives a slightly weaker constraint.
The decays of pseudoscalar mesons can also be used to probe elusive dark sectors, although their
µ
rate vanishes for JµSM JDS
portals where the DS current is conserved. In the case of partially
conserved DS currents, the decay rate depends on the scale of explicit breaking of the associated
global symmetry and receives a contribution only from values of the DS invariant mass below the
onset of the conformal regime. Its estimate is thus model dependent and will not be pursued here.
Radiative decays are also interesting and are tested by various experiments. For example, experiments with very intense proton beams such as LSND and MINOS are particularly suited to probe
flavour-conserving decays of light mesons and baryons, such as: ρ → π + DS, K ∗ → K + DS,
µ
portals
∆ → N + DS, etc. All these decays are expected to occur, for example, through JµSM JDS
SM
where Jµ is a quark vector current. This strategy has been applied for example in Refs. [293, 303]
to set constraints on dark sectors. Flavour-changing meson decays can be best probed, instead,
at dedicated experiments. Here we focus, in particular, on the decays B + → K + + DS and
K + → π + + DS, where the DS particles decay outside the detector and thus lead to missing energy.
See for example Refs. [303, 365, 367, 368] for previous related studies of this kind of processes.
µ
µ
= t̄γ µ t or
portal where JSM
The decay B + → K + + DS can be mediated by a JµSM JDS
←
→
iH † Dµ H. In the case of a Z portal, for example, the transition occurs via the Z-penguin diagrams of Fig. 7.12a-b, in analogy with the decay B + → K + + ν ν̄ in the SM. In fact, the neutrinos
themselves behave as a dark sector with very low mass scale (hence conformal at energies of order
µ
of the B mass), which couples to the Z through a conserved current: (g/2 cos θW )Zµ J(ν)
, where
µ
J(ν) is the neutrino current. Our elusive dark sector couples through the Z portal in very much the
µ
same way: (mZ vκJ /Λ2UV )Zµ JDS
+ . . . . The decay rate of B + → K + + DS can be thus computed
by adapting the SM calculation of B + → K + + ν ν̄ (see [369] and references therein) by simply
replacing the neutrino system with the DS one and omitting the box diagrams. From the upper
limit BR(B + → K + + ν ν̄) < 3.7 × 10−5 , obtained by the BaBar collaboration with a dataset of
∼ 108 B B̄ pairs [370], we find the constraint
ΛUV > 83 GeV cJ κ2J

1/4

for ΛIR  90 MeV (cO κ2O )−0.17 .

1/4

for ΛIR  80 MeV (cO κ2O )−0.18 .

(7.5.16)

The decay K + → π + + DS can be also used to constrain Higgs and current-current portals. In
the case of the Z portal, the transition occurs via penguin diagrams as in Fig. 7.12a-b, where both
the top and charm quarks can circulate in the loop. The rate can be computed by adapting the SM
calculation for K + → π + + ν ν̄ (see Ref. [371]), as discussed above for B + → K + + DS. We then
use the upper limit BR(K + → π + + ν ν̄) < 1.73 × 10−10 , set by the E949 collaboration [372] from
a sample of ∼ 1012 K + decays, to constrain the Z portal. We find:
ΛUV > 80 GeV cJ κ2J

(7.5.17)
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The decay B + → K + + DS can also proceed through the Higgs portal, as shown in Fig. 7.12c,
via a loop with the top quark. The transition b → hs has been calculated in Refs. [368, 373] and
expressed in terms of an effective coupling
Cbs s̄L bR h + h.c. ,

Cbs =

3g22 mb m2t Vts∗ Vtb
' 5.9 × 10−6 .
64π 2 m2W v

(7.5.18)

Using this result and the optical theorem it is straightforward to compute the decay rate into DS
excitations; we find:
Z 3
v2
1 κ2O
d pK 1
+
+
|M(B + → K + h)|2
Γ(B → K + DS) =
2∆O −4
2MB m4h ΛUV
(2π)3 2EK
(7.5.19)

where EK
by [374]

× 2 Im hO(pDS )O(−pDS )i ,
q
2 + |~
= MK
pK |2 , and pDS = pB − pK . The matrix element M(B + → K + h) is given
+
+

+

2

|M(B → K h)| = |Cbs |

2

2
f0K (p2DS )



2
MB2 − MK
+
mb − ms

2

,

(7.5.20)

and we use the form factor reported in Ref. [375]: f0K (q 2 ) = 0.33 [1 − q 2 /(37.46 GeV)]−1 . We then
approximate the imaginary part of the DS correlator with its conformal limit given by Eq. (B.8),
and use the experimental upper limit on BR(B + → K + +ν ν̄) to set constraints on the Higgs portal.
We find:
1/4
∆O = 4 : ΛUV > 1.3 GeV cO κ2O
for ΛIR  800 MeV (cO κ2O )−0.1
(7.5.21)

2 1/2
2 −0.05
∆O = 3 : ΛUV > 2.1 GeV cO κO
for ΛIR  750 MeV (cO κO )
.

The upper limit on ΛIR ensures that the LDSPs decay outside the detector and has been derived
assuming a strongly-coupled dark dynamics. Notice that these results are compatible with the
definition of the Higgs portal, and as such are consistent, only if the lower limit on ΛUV is larger
than the EW scale. This would require cO κ2O ∼ 108 (104 ) for ∆O = 4 (∆O = 3), values that are at
least implausible to obtain from realistic UV completions.

7.5.4 Celestial constraints
The presence of a dark sector can significantly impact the dynamics of stellar objects and astronomical events. In the case of axions or axion-like particles, the two largest effects on stellar evolution
were found to be an accelerated energy loss of red giants before helium ignition, and a modified
lifetime of horizontal branch stars [376, 377]. Another celestial signature can be a change of the
energy loss in supernovae (SNe), if the DS particles are able to escape from the core.
Ample research on these phenomena has been performed in the literature, in particular on axion emission in stellar and SNe observations. Based on this groundwork, various studies have
extended the phenomenology to models of dark photons and four-fermion portal interactions [378–
386]. Closely related to our case is the study performed by Freitas and Wyler in Ref. [387], where an
unparticle dark sector has been probed, much akin to our D = 6 current portal. We will therefore
µ
be able to adapt the results found by these authors to our most relevant case, i.e. the JµSM JDS
portal, where JµSM is a current of SM fermions.55 For this portal, we will obtain bounds from the
55

Notice that the relative size of terms in the unparticle vector propagator proposed in [292, 318] and employed
µ
in [387] needs to be corrected by a factor which depends on the operator dimension ∆ [388]. For a JµSM JDS
portal,
∆ = 3 and the correct relative size of the terms in the propagator agrees with the one used in [387]. We are thus
µ
ν
left with a different overall normalization factor, which we have chosen by defining hJDS
JDS
i as in Eq. (B.5). In
2
practice, our normalization yields a multiplicative factor 16π /3 with respect to the results of Ref. [387].
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observations of SN1978A and horizontal branch stars. In the case of SN1978A, the bound will be
based on the ‘Raffelt criterion’ of energy loss (see Eq. (7.5.28)), which states that any new particle
species should not lead to an energy loss in the SN progenitor which is more efficient than that
of neutrinos. We point out that recent studies have complemented this strategy by looking for
DM produced in the SN cooling process through direct detection experiments [386] and gamma-ray
burst observatories [385]. For simplicity, however, here we focus on the energy loss argument.
SN1987A
The impact of an additional conformal sector on the observation of the supernova SN1978A is a
shortening of the neutrino burst.56 Using the results derived in [387], we will make a quantitative
estimate on the DS emission rate. We will then compare with the bound on the energy loss rate
QSN derived in Refs. [376, 391].57
Due to the high concentration of nucleons in the supernova core, the dominant process for energy
loss is the production of DS excitations through the scattering of nucleons. As argued in Refs. [387,
393], the main contribution is given by the scattering n n → n n + DS, as other channels are smaller
in comparison: p p → p p + DS is suppressed due to lower proton density, e n → e n + DS and e e →
e e + DS are negligible due to Coulomb screening effects in the supernova core plasma [387, 393].
Therefore, we only consider DS emission in the scattering of neutrons as the leading effect.
Since the SN temperature is much smaller than the neutron mass, TSN ≈ 30 MeV, the scattering
occurs non-relativistically, and the DS emission is a soft one. The dominant contribution thus
turns out to be DS bremsstrahlung off a neutron leg, whose rate can be factorized into that for a
neutron-neutron hard scattering times the probability for soft radiation. Consider for example the
diagram
DS (pDS )

.

n (p1 )
n (p2 )

A

n (k1 )
n (k2 )

the amplitude for which can be written as
iM = i


i(/q + mn )
κJ 
µ
ū(k2 )ū(k1 )γµ 2
(−iA) u(p1 )u(p2 ) hDS|JDS
(pDS )|0i ,
2
2
q − mn
ΛUV

(7.5.22)

where q = pDS + k1 and A is defined such that

Mnn→nn ≡ ū(q)ū(k2 ) A u(p1 )u(p2 )

(7.5.23)

corresponds to the amplitude for the 2 → 2 on-shell scattering of neutrons. Retaining only the
lowest-order terms in pDS , the matrix element acquires the factorized form

 κJ (k1 )µ
µ
iM(nn → nn + DS) = i Mnn→nn 2
hDS|JDS
(pDS )|0i .
ΛUV pDS · k1

(7.5.24)

The factor 1/(pDS · k1 ) from the propagator is of order 1/TSN and brings in the enhancement due
to the soft emission. A similar factorization holds from the other bremsstrahlung diagrams. The
56

This method of constraining new physics through SN1978A relies on the modelling of the supernova by a core
collapse and a neutrino-driven supernova explosion. Under other assumptions, no such bound is found [389, 390].
57
An improved analysis takes into account the profile of the collapsing star [392].
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rate of n n → n n + DS can thus be computed, at leading order in TSN /mn , in terms of the cross
section for neutron-neutron scattering, which can be extracted from nuclear data and has a value
σ0 (nn → nn) ≈ 25 × 10−27 cm2 at the relevant energy [394].
Having specified the scattering process, we define the object that will be compared to observational data: the energy loss rate [395]
Z
Y Z d3 pi 1 Z d3 ki 1
0
QDS = dΦDS pDS
(2π)3 2p0i
(2π)3 2ki0
(7.5.25)
i=1,2
× fp1 fp2 (1 − fk1 )(1 − fk2 ) h|M(nn → nn + DS)|2 i .

Here fp1 ,p2 and fk1 ,k2 are the Maxwell-Boltzmann distributions of respectively the initial and final
state neutrons,


nn  2π 3/2
|~
p|2
fp =
,
(7.5.26)
exp −
2 mn TSN
2mn TSN

and nn denotes the neutron number density. We describe the supernova core in the non-degenerate
limit, where the Pauli blocking factors are neglected, i.e. (1 − fk1,2 ) → 1.
The energy loss rate of SN1978A is obtained by an integration of Eq. (7.5.25) using the parameters
TSN = 30 MeV, σ0 (nn → nn) = 25 × 10−27 cm2 and the neutron density ρn = 3 × 1014 g/cm3 . This
evaluation has been performed analytically for a vector unparticle in Ref. [387], and we adapt that
result for ∆ = 3 as


 1 MeV 4
SN,nn
8
5
nn 2
QDS = 2.5 × 10 MeV cJ (κJ )
,
(7.5.27)
ΛUV

µ
DS 58 This needs to be compared
where κnn
J is the coefficient of a neutron current portal (n̄γ n) Jµ .
to the estimated bound on the energy loss in SN1987A [376, 391],

QSN . 3 × 1033 erg cm−3 s−1 ,

(7.5.28)

which yields the constraint
2
ΛUV & 400 GeV cJ (κnn
J )

1/4

n
o

2 −0.19
for ΛIR  min TSN , 90 MeV cJ (κnn
.
J )

(7.5.29)

The upper limit on ΛIR follows from two requirements: first, the IR scale must be much smaller
than the SN temperature, ΛIR  TSN , in order to be able to describe the DS as an approximately
conformal dynamics; second, DS excitations must escape the radius of the neutron core of the
supernova, which we estimate from the SN mass 3 × 1033 g and neutron density to be O(10 km).59 .
The limit due to this second requirement has been derived for a strongly-coupled DS by assuming
that the LDSP decays through the neutron current portal.
Stellar evolution
An additional bound can be obtained from a similar calculation of the energy loss in red giants before
helium ignition, which would imply a decreased lifetime of horizontal branch stars. In Ref. [387],
such a bound was derived by comparing the emission rate QHB
DS with the energy loss rate for axions,
HB
Qax . This latter has been used in the literature to constrain the axion–electron coupling gaee
through a numerical simulation of the stellar evolution [396].
As horizontal branch stars are composed of electrons, photons, H+ and He2+ nuclei, there exist
multiple processes which can radiate DS excitations. Adapting the results derived in Ref. [387], we
qq
This can be related to the coefficient of the quark current portal (q̄γ µ q) JµDS , we expect κnn
J ≈ κJ .
We neglect reabsorption effects of the DS particles within the SN. For marginal portals, e.g. the dark photon
scenario, this effect can lead to a drastic reduction of the bounds [379, 380].
58

59
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µ
find that for a JµSM JDS
portal, the dominant process is Compton scattering, e + γ → e + DS, if
SM
Jµ contains the electron current. The corresponding energy loss rate is

QHB,C
DS

−24

= 2.2 × 10

MeV

5

cJ κ2J





1 MeV
ΛUV

4

(7.5.30)

.

HB,C
We obtain a bound on the UV scale by comparing this with the energy loss rate for axions, Qax
=
5
2
−18
3.8gaee ×10
MeV , in combination with the most stringent bound on the axion–electron coupling
gaee . 2 × 10−13 obtained for horizontal branch stars in Refs. [396, 397]. This amounts to a bound
on the (ēγ µ e)JµDS portal
2
ΛUV > 62 GeV cJ (κee
J )

1/4


2 −0.23
for ΛIR  min THB , 10 MeV (cJ (κee
.
J ) )

(7.5.31)

Similarly to the supernova case, the upper limit on ΛIR follows from requiring that the IR scale
be much smaller than the temperature of the star, THB ≈ 8.6 keV, and that DS excitations escape
the radius of the star, r ∼ 105 km. The limit due to this second requirement has been derived for
a strongly-coupled DS by assuming that the LDSP decays through the electron current portal. It
2
turns out to be always satisfied, for not too large values of cJ (κee
J ) , as long as ΛIR  THB .

7.5.5 Positronium lifetime
The e+ e− bound system, positronium, comes in two spin states: orthopositronium, o-Ps (S = 1)
and parapositronium p-Ps, (S = 0). Due to C conservation in electromagnetic interactions, the
leading decay of o-Ps is to three photons, and its relatively long lifetime offers a good opportunity
to test the presence of portal interactions to the dark sector. In particular, o-Ps could annihilate
into the dark sector, or decay to one photon plus DS excitations. We will focus on the case in which
the LDSP is long lived and results in missing energy. The experimental bounds on the invisible
decay of o-Ps and its decay to one photon plus missing energy are
Br(o-Ps → invisible) ≤ 4.2 × 10−7

[398]

(7.5.32)

Br(o-Ps → γ+ E
6 ) ≤ 1.1 × 10−6

[399]

(7.5.33)

at 90% confidence level. The sensitivity of these constraints as probes of elusive dark sectors can
be easily quantified by considering the SM rate of ortopositronium decays into neutrinos. As a
matter of fact, neutrinos are a perfect prototype of dark sector coupled, at low energy, through
D = 6 portals (i.e. the four-fermion operators generated by the exchange of weak bosons). The SM
predicts
Br(o-Ps → ν ν̄) = 6.2 × 10−18
Br(o-Ps → γ + ν ν̄) = 1.7 × 10−21

[400]

(7.5.34)

[401] .

(7.5.35)

These branching fractions are much smaller than the experimental limits and this suggests that the
current experimental precision is not sufficient to probe elusive dark sectors that couple through
D ≥ 6 portals generated at UV scales larger than the EW scale. Bounds on lower-dimensional
portals can be stronger, depending on the portal and the nature of the dark sector. In the rest of
this section we will compute the decay widths of the processes o-Ps → DS, o-Ps → γ + DS and
derive the corresponding bounds assuming C-conserving portals to electrons and photons. Such
bounds will be relevant for dark sector theories with a UV scale much lower than the EW scale.
We have checked that the limits on Higgs portals with D < 6 are not significantly stronger, since
the virtual exchange of the Higgs boson implies an additional suppressing factor (me /mh )4 ∼ 10−22
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(c)

γ
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Figure 7.13: Feynman diagrams for o-Ps → DS (diagram (a)), mediated by the D = 6 portal JµDS ēγ µ e,
DS
and for o-Ps → γ + DS, mediated by the D = 8 portals Tµν
(ēγ µ Dν e) (diagram (b) plus its
DS µ αν
crossed and diagram (c)) and Tµν Fα F (diagram (d)).

in the rate. Hence, although they can have lower dimensionality, Higgs portals are not efficiently
constrained by positronium decays.
At leading order, the decay rate of positronium into a generic final state X can be expressed by
means of a factorized formula [402, 403] as


1
(7.5.36)
Γ(o-Ps → X) = |ψ(0)|2 4 vrel σ(e+ e− → X) v →0 ,
rel
3

where ψ(0) is the o-Ps wave function at the origin, vrel is the relative velocity of e− and e+ in their
center of mass frame, and the factor 1/3 is due to the three polarisations of orthopositronium. We
will use this formula and compute the cross section for e+ e− annihilation into DS and into DS plus
DS F µ F αν , T DS (ēγ µ D ν e) (D = 8)
one photon for the benchmark portals JµDS ēγ µ e (D = 6) and Tµν
α
µν
respectively.
o-Ps annihilation to DS
The D = 6 portal JµDS ēγ µ e can induce the annihilation of o-Ps into DS excitations through the
diagram (a) of Fig. 7.13. By using the optical theorem to integrate over the DS phase space, the
corresponding e+ e− annihilation cross section can be easily derived to be
σ(e+ e− → DS) =

cJ κ2J m4e
1
.
(2me )2 vrel 2π Λ4UV

(7.5.37)

Using Eq. (7.5.36), the leading order standard prediction for the decay rate into three photons,
Γ(o-Ps → 3γ) = (4/3)2 (π 2 − 9)(α3 /m2e )|ψ(0)|2 , and the experimental limit (7.5.32), we obtain the
bound
1/4
−0.19
ΛUV > 346 MeV κ2J cJ
for ΛIR . 3 MeV κ2J cJ
.
(7.5.38)

The upper limit on ΛIR ensures that the LDSP be long lived and decay outside of the experimental
apparatus, assuming a strongly-coupled DS (a very similar condition holds for weakly-coupled DS).
o-Ps decay to one photon plus DS
DS F µ F αν (where F
DS
µ ν
The D = 8 portals Tµν
α
µν is the photon field strength) and Tµν (ēγ D e) do not
mediate o-Ps annihilations into the dark sector, but contribute to the decay o-Ps → γ + DS via
the diagrams (b), (c), (d) of Fig. 7.13. The corresponding e+ e− annihilation cross section has the
following form
Z 1
1
+ −
σ(e e → γ + DS) =
dx x |M(e+ e− → γ + DS)|2
(7.5.39)
16π 2 vrel 0
α
m6
γγ 2
h|M(e+ e− → γ + DS)|2 i = cT κee
(10 − 15x + 6x2 ) 8 e ,
(7.5.40)
T − κT x
15
ΛUV
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γγ
+ −
2
where x = Eγ /me and κee
T , κT are the coefficients of the two portals. Here h|M(e e → γ +DS)| i
is the squared matrix element, summed/averaged over final/initial state polarizations and integrated
over the DS phase space. Using the experimental limit (7.5.33) we obtain the bound



ΛUV > 3.6 MeV × cT
for ΛIR . 0.4 MeV κ2T cT



3 ee 2 47 ee γγ 1 γγ 2
(κ ) − κT κT + (κT )
2 T
30
2

−0.1

1/8

(7.5.41)

.

Here again, the upper limit on ΛIR ensures that the LDSP decays outside the detector, and has
been derived for a strongly-coupled DS and a D = 8 decay portal with coefficient κT . Both this
bound and that of Eq. (7.5.38) probe values of ΛUV well below the EW scale, but are still interesting
DS F µ F αν and T DS (ēγ µ D ν e) are generated by
and constrain theories where the portals JµDS ēγ µ e, Tµν
α
µν
very light UV mediators.

7.5.6 Constraints from fifth-force experiments
So far we have analysed the experimental constraints that arise from the production of DS excitations. Another way to test the dark sector is through processes involving the virtual exchange of
DS degrees of freedom. As discussed in Sec. 7.4, effects from dimension-6 SM operators generated
at the UV scale are naively expected to dominate over those induced by the exchange of DS states.
However, there exist important exceptions of observables that are insensitive to UV contact terms
and are thus a genuine probe of the dark sector.
Consider, for example, the force between two SM fermions (e.g. nucleons or leptons) measured at
some finite distance. The tree-level exchange of DS states induces a potential that can be tested in
a variety of precision experiments operating at different scales, such as torsion balance experiments,
Casimir force experiments, neutron scattering and bouncing, and atomic and molecular spectroscopy
(see for example Refs. [304, 404, 405]). The potential from the DS exchange can be computed, in the
non-relativistic limit, from the Fourier transform of the scattering amplitude over the transferred
three-momentum. It is thus written as an integral over the two-point DS correlator, which has a nonanalytic (in momentum) part encoding the contribution from the dark-sector infrared dynamics, plus
polynomial terms due to the UV dynamics whose coefficients are incalculable within the effective
field theory. Upon integration, these two contributions map respectively into a long-range potential
of the form 1/rn (at distances  1/ΛIR ) and a contact potential given by a delta function δ 3 (~r)
and its derivatives. Experiments operating at a finite distance, such as torsion balance and Casimir
force experiments, are insensitive to the contact term and thus probe exclusively the contribution
from the dark sector states. Molecular spectroscopy experiments also fall in the same class, since
they are sensitive to the potential in the finite range of distances where the molecular wave function
ψ is non-vanishing. In practice, a potential V (r) generated by the exchange of DS states induces a
shift in the energy levels of the molecular system equal to
∆E =

Z

d3 r ψ ∗ (r)V (r)ψ(r) .

(7.5.42)

If the wave function vanishes sufficiently fast at the origin, the integral converges and the contribution from contact terms vanishes. For systems of this kind the energy shift is calculable
and gives a genuine probe of the DS dynamics. The recent results obtained in molecular spectroscopy set the most stringent bounds on the potential from dark sectors at distances of order
1 Å or shorter [304, 404, 405]. They cannot be used, however, to directly constrain the portals of
Eq. (7.2.2), as we now explain.
pp
µ
µ
nn
µ
Let us consider, for example, the D = 6 portal JµDS (κee
J ēγ e + κJ p̄γ p + κJ n̄γ n) featuring a
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current of electrons, protons and neutrons. It generates a potential
Vik (r) =

kk
cJ κii
1 1
J κJ
+ contact terms
4
3
32π ΛUV r5

(7.5.43)

between any two (distinguishable) fermions i and k. The corresponding energy level shift is calculable as long as the molecular wave function vanishes at the origin faster than r.60 This behaviour
characterizes several molecular systems whose transitional frequencies can be measured accurately
with ultra stable lasers. For example, recasting the bounds on large extra dimensions set in Ref. [406]
by measurements of the energy levels in molecular hydrogen (H2 ), we obtain
2
ΛUV & 0.2 MeV cJ (κpp
J )

1/4

for ΛIR  1 keV .

(7.5.44)

Other molecular systems also lead to constraints on ΛUV in the MeV range [304, 405]. This value
of the UV scale is below the mass of the nucleon. The effective theory obtained by integrating out
the UV dynamics at ΛUV is therefore a non-relativistic one, and its expansion must be performed in
terms of the nucleon velocity or kinetic energy rather than in powers of 4-dimensional derivatives.
The set of effective operators characterizing such non-relativistic effective theory is not in one-to-one
correspondence to those, like the portals of Eq. (7.2.2), one would write at higher energies. We thus
conclude that, although molecular spectroscopy and fifth-force experiments in general are interesting
probes of dark sectors, the corresponding limits belong to a different category compared to those
discussed in the previous sections, as they apply to operators (portals) of a different effective field
theory.

7.5.7 EW precision tests
Another example of observables where the virtual exchange of DS states can be calculable is electroweak precision tests (EWPT). Calculability in this case requires the dimensionality of the portal
to be D ≤ 5, as already discussed in Sec. 7.4.1. Let us consider, for example, the effects of a
Higgs portal on vector boson self energies, in particular we will focus on the corrections to the ε3
parameter introduced by Altarelli and Barbieri [407, 408].
A D = 5 Higgs portal renormalizes the operator OH = [∂µ (H † H)]2 via a tree-level diagram with
two insertions (see Fig. 7.2), implying a coefficient
cH (µ) ∼

κ2O cO 1
ΛUV
log
.
16π 2 Λ2UV
µ

(7.5.45)

The 1-loop diagram of Fig. 7.14a with one OH insertion, in turn, renormalizes the operators OW =
→
←
→
a H † T a i←
gDµ Wµν
D ν H and OB = g 0 ∂ µ Bµν H † iD ν H, which give a short-distance contribution to ε3 .
We thus estimate
m2 κ2 cO
ΛUV
ΛUV
log
,
(7.5.46)
∆ε3 = Ŝ ∼ 2W O 2 2 log
mZ
ΛUV (16π )
Λ̄
where Λ̄ = max(ΛIR , mh ). Notice that, although it is a short-distance effect due to the UV dynamics,
the contributions of Eq. (7.5.46) is calculable within the effective field theory, since it stems from
the RG running of dim-6 operators. Finite contributions are subleading for D = 5 and have been
neglected.
For 4 < D < 5, the DS exchange leads to a finite correction to ε3 through the diagram of
Fig. 7.14b. If ΛIR > mZ , one can integrate out the DS dynamics at ΛIR and match to an effective

60
The ground state of the hydrogen atom is an example where the integral in Eq. (7.5.42) diverges, since the wave
function is constant at the origin.
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H
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Figure 7.14: Diagrams contributing to ∆ε3 : short-distance contribution from the insertion of OH (diagram
(a)); long-distance contribution from the DS exchange (diagram (b)). Continuous internal
lines correspond to Higgs propagators, the insertion of OH is denoted by a crossed vertex,
and the gray blob represents the DS exchange.

theory with SM fields and higher-dimensional operators. In particular, thresholds at ΛIR generate
OH with a coefficient


κ2O cO 1
ΛIR 2(D−4)
.
(7.5.47)
cH (ΛIR ) ∼
16π 2 Λ2IR ΛUV
The insertion of OH into the diagram of Fig. 7.14a then gives
m2 κ2 cO
∆3 = Ŝ ∼ 2W O 2 2
ΛIR (16π )



ΛIR
ΛUV

2(D−4)

log

ΛIR
.
mZ

(7.5.48)

If instead ΛIR < mZ , then the diagram of Fig. 7.14b gives a genuine long-distance correction of
order


m2W κ2O cO
mh 2(D−4)
∆3 ∼ 2
.
(7.5.49)
mh (16π 2 )2 ΛUV
For the same value of κ2O cO , the long-distance effect of Eq. (7.5.49) gives a less suppressed correction compared to those of Eqs. (7.5.46) and (7.5.48), although it does not have a log enhancement.
By requiring ∆ε3 . 10−3 , Eq. (7.5.49) implies ΛUV & mh × (0.02 κ2O cO )1/(2D−8) , which is a rather
weak bound. For example, if one sets κO to its largest value allowed by the naturalness bound of
Eq. (7.2.4), it turns into an upper limit ΛIR . mh × (103 /cO )1/(12−2D) , which is easily satisfied
(given the initial assumption ΛIR < mZ ) for not too large cO . We thus conclude that EW precision
tests do not set stringent constraints on the DS dynamics.
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7.6 Summary and Discussion
The existence of neutral dark sectors with a low mass scale and irrelevant portal interactions to
the visible fields is an intriguing possibility and only apparently an exotic one. Several theoretical
extensions of the Standard Model, some of which address one or more of its open issues, predict scenarios of this kind. Neutrinos are an interesting historical precedent. Their existence was proposed
by Pauli in 1930 as a solution to the longstanding puzzle of the β-decay spectrum, but their direct
detection came only in 1958 as the culmination of the pioneering experimental efforts of Reines and
Cowan. The reason why it was so difficult to detect them is because at low energy neutrinos interact feebly with charged particles through D = 6 portals generated at the weak scale (specifically, a
portal of the form (Ōvis ν + h.c.) mediates β-decay, whereas µ-decay and neutral-current scatterings
µ (ν)
proceed through Jvis
Jµ portals). Eventually, the properties of neutrinos were uncovered thanks to
the possibility of obtaining intense beams from nuclear reactors, as this obviated the huge suppression of signal rates. It was only in 1983 however, more than 50 years after Pauli’s original intuition,
that the UV mediators responsible for the neutrino portal interactions, the W and Z vector bosons,
were produced on shell in the UA1 and UA2 experiments at CERN, and the barrier between dark
and visible sector removed forever.
The current theoretical and experimental landscapes are very different from those of the early
decades of the past century, and since then the energy and intensity frontiers have been immensely
pushed forward. In light of this, one may ask how a hypothetical elusive dark sector might manifest
itself and be discovered at present or future facilities. We have tried to address this question
by estimating the relative importance of various effects in Section 7.4. The virtual exchange of
UV mediators can be parametrized in terms of D = 6 effective operators and gives corrections
to processes with SM external states that scale as 1/Λ2UV . The DS contribution to the same
2(D−4)
processes necessarily involves two insertions of the portals and scales as 1/ΛUV
, where D is the
dimensionality of the portal. Naively, it is subdominant compared to the UV effect except for D < 5
or when the experimental observable is sensible only to long-distance contributions and blind to
contact ones. Electroweak tests and fifth-force experiments are interesting examples of this kind,
and were analysed respectively in Sections 7.5.7 and 7.5.6. Given the current experimental precision,
we find that they are not sensitive enough to test portals generated at energies above the EW scale.
2(D−4)
Direct production of DS states implies signal rates that also scale as 1/ΛUV
but its significance
can be competitive with UV virtual effects even for D > 5. We have analysed an ample spectrum
of processes that are summarized in Table 7.3. They include searches at high-energy colliders,
high-intensity experiments, astrophysical observations (supernova cooling and stellar evolution) and
low-energy precision experiments (positronium rare decays). We find that the strongest sensitivity
on elusive dark sectors is currently obtained at high-energy colliders. The plots in Fig. 7.15 give a
summary of our results. The most stringent constraints can be set on Higgs and Z portals when
the DS excitations are produced through the decay of the Higgs or Z bosons, in particular when
the lightest DS particles decay back to the SM with displaced vertices. In those cases, UV scales as
high as several TeVs are already being probed for κ2 c of order 1 (see Figs. 7.5 and 7.6), where κ is
the portal coefficient and c measures the multiplicity of DS states. As a matter of fact, comparable
if not stronger lower bounds on ΛUV are set, through their sensitivity to virtual UV effects, by the
body of electroweak precision tests performed at LEP, SLC and Tevatron, and by the analysis of
Higgs processes at the LHC. Searches for on-shell production of the UV mediators made at colliders,
or even DM direct detection experiments (in theories where the DM candidate resides in the UV
sector), can also set stringent, though model dependent, limits on ΛUV . This comparison suggests
that, different from the historical neutrino precedent, the first signals of new physics might come
this time from the heavy UV dynamics rather than from the light and elusive dark states. For
example, in a likely scenario one could first observe deviations in SM precision tests induced by the
virtual exchange of UV mediators, and only later on reach the experimental sensitivity to uncover
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the dark sector. Hence, light and weakly-coupled new physics should not be seen as an alternative
to new heavy particles: on the contrary, observing the latter could prelude the discovery of the
former.
The above considerations suggest that a future physics programme at a Higgs or Z factory would
extend most effectively our sensitivity on Higgs and Z portals thanks to the large statistics of
decays. An FCC-ee running at the TeraZ option would be especially beneficial as it would increase
the sensitivity on ΛUV on two complementary fronts: an order-of-magnitude increase in the precision
on electroweak observables [409–411] to uncover UV virtual effects, and a sample of Z decays larger
by two orders of magnitude compared to the LHC to produce the DS particles. In the longer run,
an FCC-hh at 100 TeV would produce ∼ 1010 Higgs bosons, roughly four orders of magnitude larger
than the current production at the LHC. This would allow one to probe invisible Higgs decays at
the level of ∼ 10−4 [412] and extend considerably the sensitivity on exotic decays. Without looking
too much ahead in the future, the approved high-luminosity phase of the LHC will already lead
to a substantial increase, by a factor ∼ 30, of the number of produced Higgs and Z bosons. This
corresponds naively to an increase of the lower bound on ΛUV by a factor ∼ 2 for a D = 6 portal.
In fact, even at future Higgs and Z factories the sheer increase of statistics will imply lower bounds
2(D−4)
on ΛUV larger by at most factors of a few, given that rates scale as 1/ΛUV
. For example, a
naive rescaling of our results suggests that a GigaZ factory could reach a lower bound on ΛUV of
order 10 TeV in the case of a Z portal with κ2J cJ ∼ 1. Similar conclusions were reached by previous
studies, see for example Refs. [302, 413, 414]. Probing higher UV scales will require, for example,
to improve our ability to trigger on and reconstruct displaced vertices.
While portal interactions generated at very large scales will remain elusive, future facilities will
be able to extend considerably our reach on low IR scales. It is a feature of dark sectors with
irrelevant portals that the strength of their interaction with the SM scales with the energy as
√
∼ κ (E/ΛUV )(D−4) ≡ αDS (E). Production rates in the conformal regime are controlled by αDS ( s),
√
where s is the energy characterizing the process, whereas the decay length of the lightest DS
particles is determined by αDS (ΛIR ) and thus crucially depends on the ratio ΛIR /ΛUV . This has to
be contrasted with the case of marginal portals, as in dark photon theories, where the same small
parameter (the kinetic mixing) controls both quantities. Future experiments aimed at detecting
long-lived particles, e.g. CODEX-b, FASER and MATHUSLA (see [337] and references therein),
will be able to improve the reach on small ΛIR by detecting the decays of the lightest DS particles
far away from the interaction point. This is especially important since, as illustrated by the plots
of Fig. 7.15, current searches for displaced vertices at the LHC are already sensitive enough to test
benchmark models for ΛUV ∼ 1 TeV, though only in a relatively narrow range of IR scales.

While searches for displaced vertices at high-energy colliders are able to provide the strongest
constraints on Higgs and Z portals, it is also important to consider different portals and discovery
strategies. Fixed-target and beam-dump experiments making use of very intense beams have been
found to be extremely powerful to uncover dark sectors with marginal portals. In particular,
simplified dark photon models have been often taken as benchmarks in previous experimental and
theoretical studies. We have shown that, at least in the conformal regime, a dark sector coupled
µ
µ
through JµDS JSM
, where JSM
is an electron or quark current, behaves like a convolution of dark
photon theories with a spectrum of masses that depends on the experiment (e.g. on the incoming
beam energy and composition of the target). In the case of the NA64 and E137 experiments, such
mass spectrum peaks at ∼ 1 GeV, see Fig. 7.10. In particular, diagrams with DS emission can be
µ
obtained from those with an external dark photon field AµD by replacing (εe)AµD → (κJ /Λ2UV )JDS
.
This observation led to Eq. (7.5.10) and suggests that simple quantitative estimates for the dark
sector can be derived by using the known dark photon results in terms of an effective kinetic mixing
parameter εeff = (p2DS /Λ2UV )(κ2J cJ )1/2 /(4πe), as a function of the DS invariant mass squared p2DS .
Similar considerations were made previously in Ref. [302]. A quick glance to any plot showing
the constraints on dark photon theories in the (ε, mAD ) plane, like those in Fig. 6 of Ref. [284]
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and Fig. 20 of Ref. [287] confirms the hierarchy of effects found by our analysis, namely that the
strongest limits come from supernova cooling and beam-dump experiments with extremely intense
beams like E137. It also suggests that future experiments, in particular SHiP [285], can extend
the reach to UV scales of order a few TeVs [302]. Additional improvement may come if future
experimental analyses will be performed so as to optimize their sensitivity to generic dark sectors
and not only to benchmark dark photon models. This is especially true for searches, like those
performed by BaBar and Belle II, where events are selected by assuming the resonant production
of a dark photon.
While the comparison with dark photon theories can be useful for a quick recast of current
searches, an experimental programme aimed at the discovery of elusive dark sectors seems justified
and would require optimized strategies and analyses. For example, existing high-intensity experiments like those designed for neutrino physics where the detector is placed very far downstream
of the target are not particularly effective to detect long-lived particles originating from marginal
portals, since very long decay lengths also imply very small production rates. This is not the case
for irrelevant portals since, as already mentioned, the decay length of the lightest DS particles can
be large as a consequence of a small IR scale. Besides tailored experimental searches, more in-depth
theoretical studies will also be needed to uncover new discovery strategies and thoroughly explore
the theoretical landscape of possibilities. The aim of our work was that of making a first step in
this direction. We attempted to study elusive dark sectors in a broad perspective and analysed
current experimental results to get insight on how to design a future experimental strategy. We
obtained bounds from a large array of experiments by means of a procedure where the validity of
the effective field theory used to define the portals is consistently enforced at each step. Our limits
are sometimes less stringent than previous ones for this reason. Clearly, much additional work is
needed to get a more complete quantitative picture on elusive dark sectors. Information will come
not only from laboratory experiments and astrophysical observations, but also from the analysis of
the cosmological evolution of these theories.
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Unstable hierarchy

Figure 7.15: Exclusions at 95% probability in the plane (κ2 c, ΛIR ) for fixed ΛUV and various portals. Continuous contours in the upper two panels show the exclusions from the fit to Higgs couplings
and the bound on the Higgs invisible branching ratio, while those in the lower left panel arise
from the invisible Z decay width and mono-jet searches at the LHC. Dashed contours in these
same panels show exclusions from displaced decays at the LHC. The lower right panel shows
exclusions from LEP mono-photon searches, E137, SN1987A and stellar evolution. Bounds
from other experiments analysed in the text are too weak to appear in the plots. The dashed
curves show the predictions of the benchmark models of Sec. 7.3 for the following values of
the parameters: yL = 1, yR = 0, NDC = 3 for the pure Yang-Mills model of Sec. 7.3.1 (YM)
and the strongly-coupled DS model of Sec. 7.3.2) (SCDS); λHS = 1 and y = 1 for the free
fermion models of Sec. 7.3.3 (FF).

8

Conclusions

Our current understanding of the fundamental constituents of nature and their interactions lies in
the composition of the SM and GR. In this thesis, we have investigated several problems which
arise due to the interplay of these two theories. We have argued that their resolution may require
an understanding of model building both from a particle physics (BSM) point of view, and from
an angle of modified gravitational models. We have explored this approach by deviating from the
standard theories in several directions, by setting the focus of our discussion on the nature of dark
energy and dark matter. Motivated by these open questions, we have introduced non-standard
theories in the form of bimetric gravity and dark sectors of new physics. We have put these models
through a wide of range of tests by deriving their phenomenology and comparing to observations.
Here we summarise the main results presented in this thesis. In Chapters 3 and 4, we have described the effect of gravitational wave oscillations in bimetric gravity. This phenomenon has been
first derived in a consistent manner in the publications [1, 2] associated with this thesis. By comparing the propagation of one massive and one massless graviton mode in bigravity to observations
of binary black hole mergers, we were able to place competitive bounds on its parameter space.
As described in Sec. 4.4, we have made projections on these bounds based on future observations
of merger events. We also expect future observations of electromagnetic signals associated with
gravitational waves to serve as a valuable informant about the phenomenology of bimetric gravity.
In Chapter 5, we have presented a comprehensive analysis of the current status of the cosmological
concordance model and some of its extensions. We have compared the cosmological history of these
models to that of bimetric gravity and conformal gravity. By means of a comprehensive statistical
analysis, we find that base ΛCDM remains the best explanation of our cosmological history. While
bimetric gravity does not improve the quality of fit in our statistical analysis, the best fit model
retains its attractive features, such as a dynamical dark energy component. A continued exploration
of bimetric gravity is therefore appropriate, as it remains an interesting and viable proposal of a
modified cosmology. This is contrary to the case of Mannheim’s conformal gravity, where a severe
tension arises between the curvature parameter obtained from cosmological and galactic data, as
we have argued in Sec. 5.5.5. In this case, we are lead to abandon the idea that this realisation of
conformal gravity can explain galactic rotation curves without the addition of dark matter.
We have explored an orthogonal ansatz in Chapter 7, where the question of the nature of dark
matter has motivated us to introduce a general description of dark sector extensions to the SM.
By requiring only a low mass gap and irrelevant (in the RG sense) portal couplings to the SM, we
have defined a scheme by which to test an entire class of dark sectors, which obey an approximate
conformal symmetry. Our ansatz exploits the well-defined properties of operator correlators in their
conformal regime, which forms the key ingredient to the wide applicability of our analysis. As a
proof of this concept, we have demonstrated how our results are adapted to a variety of realistic
DM models, such as pure Yang-Mills dark sectors or Randall-Sundrum inspired models in 5D.
After establishing this theoretical groundwork, we have derived its phenomenological implications,
and have set bounds on the parameters by use of a large array of experimental data. The main
µ
effects due to the dimension-5 and -6 operators {O|H|2 , JµDS JSM
} are summarised in Figs. 7.15,
where we note the strongest bounds come from Higgs couplings and displaced vertex searches at
the LHC in the case of the Higgs portal O|H|2 . Similarly, the strongest exclusions for a Z mediated
current portal to the dark sector are obtained from displaced vertex searches and the measurement
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µ
µ
of invisible decays of the Z. Finally, the current portal JµDS JSM
, where JSM
is either a quark or
an electron current, is probed most stringently by LEP searches for mono-photons and displaced
vertex measurements at the beam dump experiment E137. The results of this work show that the
description of dark sectors by their general features is a feasible programme.
As discussed in Sec. 7.4.2, in this analysis we have assumed that a dark sector can be discovered
first in its conformal regime. To motivate this scenario, one needs to understand the relative
importance of threshold events. We expect signatures of this kind to be observed if the energy is
close to the mass gap, manifesting as spectacular new physics effects. Therefore, our programme
generally assumes that the energies are much above the infrared threshold (that is, the mass gap)
of the dark sector. Then, the question arises why we can expect to see significant event numbers
in this high-energy tail (the conformal regime). The importance of these contributions depends on
dimensionality of the portal: more irrelevant portals imply stronger scaling of the correlator with
dark sector momentum pDS , increasing the effect observed in the conformal regime. This is very
much different to the case of relevant portal interactions, which do not generate cross-sections which
scale with the energy. This reiterates the importance of the purely irrelevant portal interactions in
our setup.
An interesting opportunity for future work is posed by the cosmological phenomenology of such
a dark sector. In this case, knowledge of the portal interactions, the effective number of degrees of
freedom, the infrared scale as well as the mode in which the dark sector is populated could pose a
minimal information requirement on the hidden sector. We expect the limit on the number of light
degrees of freedom during big bang nucleosynthesis to serve as a particularly powerful constraint.

We close this thesis by stressing that fundamental physics is at an interesting point in its development. As we have seen throughout the analyses presented in this thesis, a common theme
in current theoretical physics is that new dynamics are probed mostly by placing bounds on their
parameter space. While new physics in the particle and gravity sectors can easily be motivated
through disagreements between current theory and observations, finding the correct description of
nature in the space of possible models requires us to exclude others. It can be hoped that the
advent of new tools and techniques, such as true multi-messenger astronomy, the observation of
many more gravitational wave events, or the construction of more powerful particle colliders, will
lead to improved versions of our standard theories of fundamental interactions.

A

Method of statistical analysis

In Chapters 5 and 7, we have employed a Bayesian likelihood analysis to generate limits on cosmological parameters and on the suppressing mass scale of BSM interactions. Here, we describe briefly
how these bounds are derived, focussing on the case of event counts at colliders. For an in-depth
review of this method, see Ref. [415].
The basis of our analyses is Bayes’ theorem,
p(θ|x) =

L(x|θ) π(θ)
,
p(x)

(A.1)

where x represents the data vector and θ the model parameters.
We will elucidate the meaning of the different components following the application in Chapter 7:
Given the number of BSM events niBSM , the SM background niSM and the number of observed events
niobs in i bins of data, we would like to know the best fit parameters predicting SM + BSM events to
the observed data. Expressed in general terms, we can write niBSM as a number times a coefficient c;
e.g. in the case of the dimension-six portal of Chapter 7, this corresponds to c =
ˆ κ2J cJ [GeV/ΛUV ]4 .
Summing over all bins i of data, the posterior probability (A.1) now takes the form
p(c | niobs ) =
with the normalisation
N =

Z

1 Y
Li (c) × π(c) ,
N

(A.2)

Y

(A.3)

dc

i

i

Li (c) × π(c).

The posterior probability is constructed from the likelihood Li and the prior π. The prior π(c) is
a function which describes our assumption on the range of valid c. For example, we may choose c
to follow a Gaussian distribution around a central value (see the BBN bounds in Sec. 5.4.2, where
this is employed). For the cases we have investigated in Chapter 7, our assumption is simply that c
must be non-negative. This is accomplished by a ‘flat’ prior, π(c) = Θ(c), where Θ is the Heaviside
function.
The likelihoods Li is given by the conditional probability
Li (c) ≡ p(niobs |c)
e.g.

= Poisson

niSM

+

c niBSM ,

nidata



(A.4)
.

Given these ingredients, we understand that Eq. (A.2) describes the probability of the parameter c
under the condition that niobs events are observed. From this, we can extract a bound through the
condition
Z c95%
!
0.95 =
dc p(c | niobs ) .
(A.5)
0

In words, this amount to finding the value of c for which the BSM model has a probability of 95% of
describing the data, given the evidence niobs . This specific formula relies on the general assumption
that the SM background is a good fit to the number of observed events, and that therefore, any
BSM events can only decrease the goodness-of-fit. Hence, c must be bounded from above.
For a counter-example where the SM prediction is not a good match for the observation, see the
derivation of Eq. (7.5.7). In this case, the measured value µ = 1.17 ± 0.10 [327] does not agree
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with the SM prediction µ = 1. Therefore, the likelihood is constructed s.t. any deviation from the
measured value is minimised.
In the particle physics-oriented application of Bayes’ theorem, Eq. (A.4), we have assumed that
the event likelihood is Poisson-distributed, and that different measurements are uncorrelated. This
last assumption is justified if the data consists of several independent bins, e.g. in the energy
distribution of a particle used to tag an event. In Chapter 5, we have encountered a different kind
of measurement. For an example see the CMB
 data in Sec. 5.4.5, which comes as measurements of
three correlated parameters x = R, lA , Ωb h2 . We assume a Gaussian distribution and construct
the likelihood
n 1h
io
iT
h
~ −X
~ model
~ −X
~ model C−1 X
LCMB ∝ exp −
,
(A.6)
X
2
where C is the covariance matrix. For numerical applications, we use in practice the logarithm of
~ model . Finally, we refer to Sec. 5.4.6 for a
the above likelihood, which is maximised at the same X
discussion of the Bayes information criterion, which allows us to compare different models by their
goodness-of-fit and number of parameters.

B

Two-point dark sector correlators

We report here the expression of the 2-point correlators of dark sector operators used in the analysis
of Chapter 7.
For very large momenta, |p|  ΛIR , the form of the 2-point correlators is dictated by conformal
invariance, up to an overall normalization constant. We define the latter as follows (in 4D Minkowski
space-time):
hO(x)O(0)i =
JµDS (x) JνDS (0) =
DS
DS
Tµν
(x) Tρσ
(0)

1
cO
8π 4 (x2 )∆O
c
1 
J
8π 4

(x2 )3

cT 1
= 4 2 4
8π (x )

(B.1)
ηµν − 2

xµ xν 
x2

(B.2)




1
Iµν (x)Iρσ (x) − ηµν ηρσ + µ ↔ ν ,
4

(B.3)

where Iµν (x) = ηµν − 2xµ xν /x2 . After Fourier transforming and subtracting the singular terms
analytic in momenta, one obtains:
−icO Γ(2 − ∆O )
(−p2 )∆O −2
2π 2 4∆O −1 Γ(∆O )

−icJ 1 2
JµDS (p) JνDS (−p) =
p log −p2 Pµν
2
4
π 2 3!

−ic
T 1
DS
DS
Tµν
(p)Tρσ
(−p) =
p4 log −p2 Pµνρσ ,
2
5
2π 2 5!
hO(p)O(−p)i =

(B.4)
(B.5)
(B.6)

for any p2 in the complex plane away from the branch cut on the positive real axis, where the
projectors Pµνρσ and Pµν are defined as
pµ pν
Pµνρσ = 2Pµν Pρσ − 3 (Pµρ Pνσ + Pµσ Pνρ ) ,
Pµν = ηµν − 2 .
(B.7)
p
The corresponding imaginary parts, extracted from the discontinuity across the branch cut, are:
cO
Γ(∆O + 1/2)
(p2 )∆O −2
(B.8)
π 3/2 Γ(∆O − 1)Γ(2∆O )


cJ 1 2
Im i JµDS (p) JνDS (−p) = −
p Pµν
(B.9)
π 24 3!


cT 1 4
DS
DS
Im i Tµν
(p)Tρσ
(−p) = −
p Pµνρσ .
(B.10)
2π 25 5!
The normalization in Eqs. (B.1), (B.2), (B.3) has been chosen so as to reproduce the following
expressions in the case of free conformal fields (see for example [416, 417]; we denote the number of
C
D
R
real scalars, complex scalars, Dirac fermions and real vectors respectively as nR
S , nS , nF and nV ):
Im[i hO(p) O(−p)i] =

O=

1
(∂µ φ)2
2

(∆O = 4),

cO = 24 nR
S

(∆O = 4),

cO = 0

↔

O = ψ̄ γ µ i∂µ ψ
1 2
O = − Fµν
4
O = ψ̄ψ

24 nR
V

(∆O = 4),

cO =

(∆O = 3),

cO = 8 nD
F

(B.11)
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for scalar operators O;

↔

JµDS = φ† i∂µ φ,

cJ = 2 nC
S

JµDS = ψ̄γ µ ψ or ψ̄γ µ γ 5 ψ

c J = 8 nD
F

(B.12)

for conserved currents JµDS ;

1
DS
Tµν
= ∂µ φ ∂ν φ −
2∂µ ∂ν + ηµν ∂ 2 φ2 ,
12


1
1
DS
Tµν = i ψ̄γµ ∂ν ψ − ∂µ (ψ̄γν ψ) + (µ → ν) − i ηµν ψ̄ ∂/ ψ,
2
4
1
DS
2
Tµν
= Fµα Fνα − ηµν Fαβ
,
4

cT =

4 R
n
3 S

cT = 8 nD
F

(B.13)

cT = 16 nR
V

DS .
for energy momentum tensors Tµν
An extensive discussion and calculation of the RG flow of the central charge cT can be found in
Ref. [418], together with the examples of free scalars and fermions, and a summary of results for
QED with one fermion, pure Yang-Mills gauge theory and QCD-like theories up to first loop order.
Massless QCD has been studied in depth also in Refs. [419–422], which provide the expression
2 ) up to 3-loop order. In the case of dark sectors equivalent to
of cT and cO (for O = − 41 Fµν
QED with massless fermions, the coefficients cJ and cT are calculated in a large nF expansion in
Refs. [423, 424]. Similarly, Refs. [425, 426] provide cJ and cT in a large-N expansion of the O(N )
vector model (scalars with O(N ) global symmetry and φ4 -interaction) and the Gross-Neveu model
(fermions with U (N ) global symmetry) in d = 4 −  space-time dimensions. Finally, the central
charge cT has been calculated for explicit examples of SUSY QCD, see e.g. Ref. [427]. In some
cases, lower bounds on cJ and cT can be derived [427–431].
We end this section by reporting the expression of the 2-point correlators predicted in the benchmark models with a free fermion DS and in the RS model of Sec. 7.3. In these models a calculation
of the 2-point correlator is possible for values of the momenta down to threshold, i.e. outside of the
conformal regime.
In the B − L model of Sec. 7.3.3 the DS consists of three Majorana fermions ψNi coupled through
the portal (7.3.7). Using dimensional regularization with minimal subtraction and a 4-component
notation, we find


1
ηµν p2 − pµ pν
2
24π
q
(
!s
2 − p2 +
3
2
2
p4 − 4m2Ni p2
2m
X
4mNi
2mNi
Ni
×
1+
1−
log
p2
p2
2m2Ni
i=1
)


4m2Ni
5
µ2
+
+
−
γ
+
log
+ log 4π ,
E
p2
3
m2Ni

hJµDS (p)JνDS (−p)i = −

(B.14)

P † µ 5
µ
where JDS
= (1/2) i ψ̄N
γ γ ψNi and µ is the subtraction scale. In the limit p2  m2Ni this
i
expression tends to the CFT correlator of Eq. (B.5) with cJ = (1/2) × 3 × 8, where the factor 1/2
appears because the ψNi are Majorana fermions (cf. Eq. (B.12)). In the second model of Sec. 7.3.3
the DS consists of a single Majorana fermion χ coupled through the portal (7.3.9). The two-point
µ
correlator of the current JDS
= χ̄γ µ γ 5 χ can be obtained by simply keeping the contribution of a
single fermion species in Eq. (B.14) and replacing mNi with mχ . Hence, the conformal limit of
Eq. (B.5) in this case is recovered with cJ = (1/2) × 8.
In the third model of Sec. 7.3.3 the DS consists of one Dirac fermion ψ, coupled to the SM through
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the portal of Eq. (7.3.11). We find
hψ̄ψ(p)ψ̄ψ(−p)i = −

p2
8π 2

(s

1−

+ log

4m2ψ
p2
µ2
m2ψ

log

2m2ψ − p2 +

q
p4 − 4p2 m2ψ

2m2ψ
)

+ log 4π − γE + 2

(B.15)

+ ... ,

where the dots stand for terms independent of p2 . In the limit p2  m2ψ this expression tends to
the CFT correlator of Eq. (B.4) with ∆O = 3 and cO = 8 (cf. Eq. (B.11)).
Finally, let us consider the RS model of Sec. 7.3.4. In that case the DS consists of the dynamics
in the bulk and on the IR brane, coupled to the elementary SM sector through the portal (7.3.13).
Despite the DS is strongly coupled in the infrared (and up to the ΛUV scale), the 2-point correlator
DS can be computed thanks to holography. Indeed, it can be extracted from the UV brane-toof Tµν
brane graviton propagator by sending the UV brane to the AdS boundary; in Minkowski space-time
one finds [432]:
(M5 /k)3 4
DS
DS
hTµν
(p)Tρσ
(−p)i =
p F (p2 )Pµνρσ ,
12
(B.16)
p
2
2 /Λ )
Y
(
p
p
1
IR
p
,
F (p2 ) ≡ log 2 − π
4k
J1 ( p2 /ΛIR )
where ΛIR ≡ ke−πRk and the transverse and traceless projector Pµνρσ is defined in Eq. (B.7). In
absence of an explicit breaking of conformal symmetry, the 2-point correlator has a massless
pole
p
corresponding to the dilaton (i.e. the radion of the 5D theory): F (p2 ) ' −4Λ2IR /p2 for p2  ΛIR .
The radion acquires a mass through the mechanism that stabilizes the extra dimension, like for
DS T DS i in Sec. 7.4.2,
example the Goldberger-Wise mechanism [433]. In using the expression of hTµν
ρσ
we have captured this effect by modifying the IR behaviour of the form factor as follows:
F (p2 ) → F̂ (p2 ) = F (p2 ) +

4Λ2IR
4Λ2IR
−
p2
(p2 − m2φ )

(B.17)

where mφ is the dilaton (radion) mass. Notice that upon breaking explicitly the conformal invariance, the 2-point correlator acquires an additional Lorentz structure
that is not traceless (see
p
for example Ref. [432]). We neglect this effect for simplicity. For p2  ΛIR , the expression of
DS T DS i tends to the pure CFT result provided the limit is taken in the correct way, see the
hTµν
ρσ
discussion in the next Appendix.

C

Details of 5D Randall-Sundrum Dark
Sector

In this Appendix we analyse a few additional aspects of the 5D Randall-Sundrum dark sector theory
(presented in Sec. 7.3.4) that are worth discussing. Let us first set our notation and derive some
useful formulas. We take the bulk metric to be
ds2 = e−2ky gµν (x, y)dxµ dxν + dy 2 ,

(C.1)

and locate the UV and IR branes respectively at y = 0 and y = πR. The value of the 4D Planck
mass can be computed by taking the low-energy limit of the 5D action, including the localized
kinetic term of Eq. (7.3.12). One has:61

M3 
2
(C.2)
MPl
= 5 1 − e−2πRk + M02 .
k
This equation can be used to express the value of M0 in terms of the other parameters. Performing
a Kaluza-Klein (KK) decomposition of the graviton field and neglecting at first order the effect of
the second term of Eq. (7.3.12), the wave function of the n-th KK mode has the standard expression
h

i
(C.3)
fn (y) = Nn e2ky J2 xn eky + bn Y2 xn eky ,
where xn = mn /k, mn is the KK mass, Nn is a normalization factor and
bn = −

J1 (xn ) − r0 xn J2 (xn )
,
Y1 (xn ) − r0 xn Y2 (xn )

r0 =

kM02
.
M53

(C.4)

We are thus ready to make our considerations about this model. First of all, we would like to
justify our claim that the UV-localized interaction of Eq. (7.3.12) corresponds, in the 4-dimensional
holographic theory, to the dim-8 portal (7.3.13). We do so by considering the interaction between
the SM energy-momentum tensor and the n-th KK mode; from the 5D Lagrangian, after the KK
decomposition, one has


1
1 ˜
µν
(C.5)
fn (0) + 2 fn (0) h(n)
µν (x) TSM (x) ,
3/2
ΛUV
M
5

where f˜n (0) ≡ (−2k ∂y + ∂y2 ) fn (y) y=0 . The first term in parenthesis originates from the minimal
coupling between gravity and matter, while the second term is due to the non-minimal interaction
2 Λ2 /Λ4 , we find:
of Eq. (7.3.12). By using the solution (C.3) and expanding for 1  r0 x2n ∼ MPl
IR
UV
!
3/2
3/2
π
M5
1
1
µν
2 k
(n)
√ x̄n |Y1 (x̄n )|ΛIR
−
x̄
hµν
(x) TSM
(x) ,
(C.6)
n
2
2 Λ2
3/2
3/2
M
k
k
2 2
M5
Pl
UV
where, we recall, ΛIR ≡ ke−πRk , and we have defined x̄n ≡ xn eπRk , so that x̄n ∼ O(1). Notice that
(k/M5 )3/2 has ~ dimension of a coupling. The form of Eq. (C.6) matches the behaviour expected
from the 4D holographic theory where
Lholo ⊃
61

1
1
κT µν DS
µν
µν
hµν TSM
+
hµν TDS
+ 4 TSM
Tµν .
MPl
MPl
ΛUV

We define M5 and MPl as in Ref. [432].

(C.7)
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Indeed, as a consequence of the second term above, the elementary graviton mixes with the tower of
composites spin-2 states once conformal invariance is broken in the infrared. This implies that hµν
in the first term in Eq. (C.7) will have some component of the spin-2 massive eigenstate. This leads
to the Planck-suppressed contribution in Eq. (C.6) (first term in parenthesis). The non-minimal
interaction of the holographic theory, on the other hand, is expected to give a contribution that is
not suppressed by the Planck scale. That is exactly the second term in parenthesis in Eq. (C.6), from
which we infer κT ∼ (k/M5 )3 . The exact expression of κT could in fact be extracted from Eq. (C.6)
if one knows the matrix element between the spin-2 bound states and the energy-momentum tensor
in the holographic theory. Such matrix element, in turn, can be derived from the residues of the
DS T DS i correlator.
poles in the hTµν
ρσ
The other aspect that we would like to discuss about the RS dark sector model concerns the
DS T DS i tends to
high-energy limit of Eq. (B.16). We expect that for |p|  ΛIR the expression of hTµν
ρσ
the result valid for a CFT dynamics, see Eq. (B.6). However, Eq. (B.16) has been obtained from a
tree-level calculation in the 5D theory, which, on the 4D holographic side, corresponds to the leading
order in 1/NCF T , where NCF T is the number of colors of the CFT dynamics. Correspondingly, the
form factor F (p2 ) has an infinite series of poles on the real axis, interpreted as due to the exchange
of non-interacting, stable bound states in 4D. The corresponding spectral function, computed by
taking the imaginary part of F (p2 ), is an infinite sum of delta functions. It is thus clear that
when taking the limit |p|  ΛIR , F (p2 ) does not lead to the logarithm predicted by a CFT. The
solution to this apparent paradox comes by noticing that after including 1-loop corrections in the
UV brane-to-brane calculation, the poles of F (p2 ) acquire an imaginary part and move above the
real axis. This fact has a simple interpretation in the 4D holographic theory: the finite width of the
resonances comes in only at next order in 1/NCF T . Including such subleading effect is crucial to
recover the correct conformal limit. Doing so, indeed, corresponds to first evaluate the form factor
at p2 → p2 (1 + i), where  = Γn /mn and Γn is the resonance’s width. Taking the limit |p|  ΛIR
then gives the correct result for Eq. (B.16), since limx→∞ Y1 (x(1 + iζ)/J1 (x(1 + iζ)) = i, for real
and finite ζ. The reason why a finite width of the resonances is crucial to recover the CFT result
is also clear from the ‘quark-hadron’ duality viewpoint: the ‘quark’ behaviour is obtained only by
resumming over the contribution of an infinite number of ‘hadrons’. Increasing  implies that the
tails of a larger number of resonances will enter a given interval in p2 . Conversely, for fixed and
finite , the number of resonances effectively contributing into a p2 interval of given length increases
as p2 → ∞.
Comparing the high-energy limit of Eq. (B.16) with the CFT result of Eq. (B.6) we find the value
of cT in the RS model:
M3
2
cT = 640π 2 35 = 40(NCF
(C.8)
T − 1) .
k
The last equality follows by using the standard holographic dictionary where 16π 2 (M5 /k)3 =
2
NCF
T − 1.

D

Probabilities for displaced decays

In this Appendix we describe how we modelled the probability for a signal event to pass the selections
made by ATLAS in the searches for displaced jets of Refs. [330, 331]. The simplest search of
Ref. [330] selects events with at least two displaced hadronic vertices in the MS, while Ref. [331]
considers events with one decay in the MS and one in the ID. Let




Lj
Li
− exp −
(D.1)
Pij = exp −
cτψ γ
cτψ γ
be the probability for a single LDSP with boost γ to decay within distances Li and Lj from
the primary vertex (we assume for simplicity that the LDSP is produced promptly after the hard
collision). Then, for a signal event with n LDSPs, the probability to have at least two decays within
distances L1 and L2 is:
P≥2 in [L1 ,L2 ] = 1 − (1 − P12 )n − n P12 (1 − P12 )n−1 .

(D.2)

The probability to have at least one decay in [L1 , L2 ] and at least one in [L3 , L4 ] is instead:
P≥1 in [L1 ,L2 ] = 1 − {(1 − P12 )n + (1 − P34 )n − (1 − P12 − P34 )n } .

(D.3)

≥1 in [L3 ,L4 ]

We assess the signal yield by setting n to equal the average values hni = 2 and that in Eq. (7.4.10)
to characterize the behaviour of respectively weakly-coupled and strongly-coupled dark dynamics.
The boost factor γ is set to its average value of Eq. (7.4.11). We then recast the results of Ref. [330]
by assigning each event a weight given by Eq. (D.2) with L1 = 4 m and L2 = 13 m, where these
distances correspond to the region where the efficiency of the Muon RoI Cluster trigger of ATLAS
is largest (see Fig. 2 of Ref [330]). Similarly, we recast the results of Ref. [331] by assigning each
event a weight given by Eq. (D.3), with L1 , L2 as above and L3 = 4 mm and L4 = 300 mm. The
values chosen for L3 , L4 correspond to the region where the efficiency to select the hadronic vertex
in the ID is largest (see Tab. 4 and Fig. 3 of Ref. [331]).
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